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0. Introduction
Let κ be a Mahlo cardinal, and λ > κ a cardinal. For a, b ∈ Pκ(λ), a < b means that a ∈ P|b∩κ|(b). For A ⊆ Pκ(λ), let
[A]2< = {(a, b) ∈ A × A : a < b} and [A]2 = {(a, b) ∈ A × A : a ⊂ b}. Given A,B,C ⊆ P(Pκ(λ)), A −→
<
(B,C)2
(respectively,A→ (B,C)2) asserts that for every A ∈ A and every F : Pκ(λ) × Pκ(λ) → 2, there is either B ∈ B ∩ P(A)
such that F takes the constant value 0 on [B]2< (respectively, [B]2), or C ∈ C ∩ P(A) such that F takes the constant value 1
on [C]2< (respectively, [C]2). For X ⊆ Pκ(λ), X −→
<
(B,C)2 (respectively, X −→ (B,C)2) means that {X} −→
<
(B,C)2
(respectively, {X} −→ (B,C)2). A −→
<
(B)2 (respectively, A −→ (B)2) means that A −→
<
(B,B)2 (respectively,
A −→ (B,B)2).
This paper is concernedwith various ideals associatedwith these partition properties. Some of the ideals on Pκ(λ) thatwe
will consider are (in increasing order with respect to inclusion) Iκ,λ (the noncofinal ideal), NSSκ,λ (the smallest seminormal
ideal), NSκ,λ (the smallest normal ideal), NS
[λ]<κ
κ,λ (the smallest strongly normal ideal), NShκ,λ (the λ-Shelah ideal) and NIκ,λ
(the λ-ineffable ideal). Note that since κ is assumed to be Mahlo, NS[λ]
<κ
κ,λ is a proper ideal. The last two ideals of the list may
be improper. Note that if NShκ,λ is proper, then by results of Usuba [19], λ<κ equals λ in case cf(λ) ≥ κ , and λ+ otherwise.
The projection p : Pκ(λ<κ)→ Pκ(λ) is defined by p(x) = x ∩ λ.
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Our story begins with the result of Magidor [10] and Carr [5] that if cf(λ) ≥ κ , then X −→
<
(NS+κ,λ)2 iff X /∈ NIκ,λ. This
result was generalized in [14] where it is shown that X −→
<
((NS[λ]
<κ
κ,λ )
+)2 iff X /∈ p(NIκ,λ<κ ). We are particularly interested
in the following weakenings of this partition relation:
(1) X −→
<
((NS[λ]
<κ
κ,λ )
+,NS+κ,λ)2
(2) X −→
<
((NS[λ]
<κ
κ,λ )
+,NSS+κ,λ)2
(3) X −→
<
(NS+κ,λ)2
(4) X −→
<
(NS+κ,λ,NSS
+
κ,λ)
2.
If cf(λ) < κ , then NSSκ,λ = NSκ,λ, so (1) ⇐⇒ (2) and (3) ⇐⇒ (4). If cf(λ) ≥ κ , then by the results above, (1) ⇐⇒
(3). Hence it suffices to consider (2) and (4). Let us start with (4). We will introduce yet another ideal on Pκ(λ), denoted
by NSBκ,λ. We will show that X −→
<
(NS+κ,λ,NSS
+
κ,λ)
2 implies that X /∈ p(NSBκ,λ<κ ), and that the converse holds in case
2<λ ≤ λ<κ . If κ ≤ cf(λ) < λ, then (1) ⇐⇒ (2) ⇐⇒ (3) ⇐⇒ (4) and therefore p(NSBκ,λ<κ ) = NSBκ,λ = NIκ,λ.
Concerning (2) we prove that if λ<λ
<κ = λ<κ , then (p(NShκ,λ<κ ))+ −→
<
((p(NShκ,λ<κ ))+,NSS+κ,λ)2.
We have related results concerning the partition relation A −→ (B,C)2. Namely we prove that if λ<λ<κ =
λ<κ , then (a) (p(NShκ,λ<κ ))+ −→ (NSS+κ,λ)2, and (b) there is T ∈ (p(NShκ,λ<κ ))+ such that (p(NShκ,λ<κ )|T )+ −→
(p((NShκ,λ<κ ))+,NSS+κ,λ)2.
Being weakly compact can be expressed in various ways. As shown by Baumgartner [3] and Shelah [18], some of these
equivalent formulations are naturally associated with ideals on κ . Pκ(λ)-generalizations of these notions give properties
that need not be equivalent. Let us mention for instance mild λ-ineffability (with associated ideal Iκ,λ), λ-Shelahness (with
associated ideal NShκ,λ), and Π11 -indescribability (whose associated ideal Πκ,λ turned out to be equal to p(NShκ,λ<κ )). Let
us consider some easy reformulations of weak compactness. We are motivated by this observation of Johnson:
Lemma 0.1 (Johnson [8]). Suppose κ is weakly compact and I is a normal ideal on κ extendingNShκ . Let A ∈ I+ and fα : α → α
for α ∈ A. Then there is g : κ → κ such that for any ξ < κ , {α ∈ A : fα|ξ = g|ξ} ∈ I+.
Obviously, every κ-complete ideal on κ is seminormal, so it makes (some) sense to denote the noncofinal ideal on κ by
NSSκ . Now let NSJκ (respectively, NJκ ) denote the set of all X ⊆ κ for which one can find fα : α → 2 for α ∈ X so that for
every g : κ → 2, there is ξ < κ such that the set {α ∈ X\ξ : fα|ξ = g|ξ} lies inNSSκ (respectively, NSκ ) (the J inNSJκ andNJκ
stands for Johnson, and the S in NSJκ for semi). Similarly, let NSBκ (respectively, NBκ ) denotes the set of all X ⊆ κ for which
one can find fα : α → α for α ∈ X so that for every g : κ → κ , there is ξ < κ such that {α ∈ X \ ξ : ∀γ ∈ ξ (fα(ξ) = g(ξ))}
belongs to NSSκ (respectively, NSκ ) (the B in NSBκ and NBκ stands for Baumgartner, and the S in NSBκ as above for semi).
Standard arguments can be used to obtain the following:
Proposition 0.2. (i) For J ∈ {NSJκ ,NJκ ,NSBκ ,NBκ}, κ is weakly compact if and only if the ideal J is proper.
(ii) Suppose that κ is weakly compact. Then NSJκ = NSSκ , NJκ = NSκ , and NSBκ = NBκ = NShκ .
It follows that for A ⊆ κ , A −→ (NSS+κ )2 iff A /∈ NSJκ , and A −→ (NS+κ ,NSS+κ )2 iff A /∈ NSBκ .
Our goal in this paper is to establish Pκ(λ)-versions of these results. We will introduce the corresponding ideals NSJκ,λ,
NJκ,λ, NSBκ,λ, and NBκ,λ, study their combinatorial properties and attempt to determine the relationship between them.
The paper is organized as follows. In Section 1 we review basic material concerning various large cardinal properties and
associated ideals on Pκ(λ). In Section 2 we study elementary properties of the ideals NSJκ,λ and NJκ,λ, whereas Section 3
is devoted to the ideals NSBκ,λ and NBκ,λ. In Section 4 we investigate what happens where 2<λ = λ is assumed. Section 5
(respectively, Section 6, Section 7) is concernedwith the casewhen λ is regular (respectively, singular of cofinality at least κ ,
singular of cofinality less than κ). Section 8 deals with very strongly normal ideals. Section 9 is concernedwith those subsets
Z of Pκ(λ) such that [Z]2< = [Z]2. Finally in Section 10 we give an overview of our results under the GCH.
1. Ideals
For a set A and a cardinal µ, let Pµ(A) = {a ⊆ A : |a| < µ}. Iκ,λ denotes the collection of all A ⊆ Pκ(λ) such that
A ∩ {a ∈ Pκ(λ) : b ⊆ a} = ∅ for some b ∈ Pκ(λ). By an ideal on Pκ(λ), we mean a collection J of subsets of Pκ(λ) such that
(a) Iκ,λ ⊆ J ,
(b) P(A) ⊆ J for all A ∈ J , and
(c) A ∪ B ∈ J for all A, B ∈ J .
J is proper if Pκ(λ) /∈ J .
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For an ideal J on Pκ(λ), let J∗ = {A ⊆ Pκ(λ) : Pκ(λ) \ A ∈ J}, J+ = {A ⊆ Pκ(λ) : A /∈ J}, and J|X = {A ⊆ Pκ(λ) : A∩ X ∈ J}
for every X ∈ J+. cof(J) (respectively, cof(J)) denotes the smallest cardinality of any X ⊆ J with the property that for any
A ∈ J , there is Q ⊆ X such that |Q | < 2 (respectively, |Q | < κ) and A ⊆Q .
Let ξ ≤ λ. An ideal J on Pκ(λ) is ξ -normal if given A ∈ J+ and f : A → ξ such that f (a) ∈ a for all a ∈ A, there is
B ∈ J+ ∩ P(A) such that f is constant on B. NSξκ,λ denotes the smallest ξ -normal ideal on Pκ(λ).
Note that NSξκ,λ = Iκ,λ for every ξ < κ .
Clearly ‘‘λ-normal’’ has the same meaning as ‘‘normal’’, so NSλκ,λ = NSκ,λ.
Lemma 1.1 (Matet–Péan–Shelah [15]). (i) Given ξ ≤ λ and A ⊆ Pκ(λ), A ∈ (NSξκ,λ)∗ if and only if there is f : (1+ ξ)× (1+
ξ)→ Pκ(λ) such that {a ∈ Pκ(λ) : a ∩ (1+ ξ) ≠ ∅ and (∀(α, β) ∈ dom(f ) ∩ (a× a) (f (α, β) ⊆ a)} ⊆ A.
(ii) Given κ ≤ ξ ≤ λ and A ⊆ Pκ(λ), A ∈ (NSξκ,λ)∗ if and only if there is f : ξ × ξ → λ such that {a ∈ Pκ(λ) : a ∩ κ ∈ κ \ {0}
and f ‘‘((a ∩ ξ)× (a ∩ ξ)) ⊆ a} ⊆ A.
(iii) Let ξ ≤ λ. Then cof(NSξκ,λ|A) = cof(NSξκ,λ) for every A ∈ (NSξκ,λ)+.
An ideal J on Pκ(λ) is seminormal if it is ξ -normal for every ξ < λ. NSSκ,λ denotes the smallest seminormal ideal on Pκ(λ).
Lemma 1.2 (Abe [1]). Suppose λ is regular. Then NSSκ,λ =ξ<λ NSξκ,λ.
Let σ ≤ λ and π ≤ κ . An ideal J on Pκ(λ) is [σ ]<π -normal if given A ∈ J+ and f : A → Pπ (σ ) such that f (a) ∈ P|a∩π |(a)
for all a ∈ A, there is B ∈ J+ ∩ P(A) such that f is constant on B. NS[σ ]<πκ,λ denotes the smallest [σ ]<π -normal ideal on Pκ(λ).
A [λ]<κ -normal ideal on Pκ(λ) is said to be strongly normal.
Lemma 1.3 (Matet [11]). (i) Given A ⊆ Pκ(λ), A ∈ NS[λ]<κκ,λ if and only if there is f : Pκ(λ)→ Pκ(λ) such that A∩{a ∈ Pκ(λ) :
a ∩ κ ≠ ∅ and ∀b < a (f (b) ⊆ a)} = ∅.
(ii) Suppose λ<κ = λ, and let g be a one-to-one function from Pκ(λ) to λ. Then NS[λ]<κκ,λ = NSκ,λ|C, where C = {a ∈ Pκ(λ) :∀b < a (g(b) ∈ a)}.
Lemma 1.4 (Matet–Péan–Shelah [15]). (i) cof(NS[λ]
<κ
κ,λ |A) = cof(NS[λ]
<κ
κ,λ ) for every A ∈ (NS[λ]
<κ
κ,λ )
+.
(ii) Let J be a proper ideal on Pκ(λ) such that NS
[λ]<κ
κ,λ ⊆ J . Then cof(J) > λ<κ .
Eκ,λ is the set of all a ∈ Pκ(λ) such that a ∩ κ is an uncountable inaccessible cardinal. Note that Eκ,λ ∈ (NS[κ]<κκ,λ )∗.
κ is mildly λ-ineffable if given ta : a → 2 for a ∈ Pκ(λ), there is g : λ → 2 such that {b ∈ Pκ(λ) : a ⊆ b and
tb|a = g|a} ∈ I+κ,λ for every a ∈ Pκ(λ).
Lemma 1.5 (Usuba [19]). Suppose cf(λ) ≥ κ and κ is mildly λ-ineffable. Then λ<κ = λ.
NShκ,λ is the set of all A ⊆ Pκ(λ) with the property that one can find ga : a → a for a ∈ A so that for every f : λ → λ,
there is b ∈ Pκ(λ)with {a ∈ A : b ⊆ a and f |b = ga|b} = ∅. κ is λ-Shelah if Pκ(λ) /∈ NShκ,λ.
Lemma 1.6 (Usuba [19]). Suppose that κ is λ-Shelah. Then NShκ,λ is a strongly normal ideal on Pκ(λ).
Lemma 1.7 (Usuba [19]). Suppose cf(λ) < κ and κ is λ-Shelah. Then λ<κ = λ+.
Lemma 1.8. (i) (Johnson [9]) Let µ ≤ λ be an infinite cardinal. Then {a ∈ Pκ(λ) : o.t.(a ∩ µ) is not a cardinal} ∈ NShκ,λ.
(ii) (Abe [2]) Let µ ≤ λ be an infinite cardinal. Then {a ∈ Pκ(λ) : cf(|a ∩ µ|) ≠ |a ∩ cf(µ)|} ∈ NShκ,λ.
(iii) (Abe [2]) Let µ ≤ λ be an infinite strong limit cardinal. Then {a ∈ Pκ(λ) : |a ∩ µ| is not a strong limit cardinal } ∈ NShκ,λ.
(iv) (Johnson [9]) Let µ < λ be an infinite cardinal. Then {x ∈ Pκ(λ) :
x ∩ µ+ ≠ |x ∩ µ|+} ∈ NShκ,λ.
Lemma 1.9. Let µ ≤ λ be an infinite cardinal. Then the following hold:
(i) {a ∈ Pκ(λ) : |a ∩ 2µ| ≤ 2|a∩µ|} ∈ NS∗κ,λ.
(ii) (Abe [2]) If 2µ ≤ λ, then {a ∈ Pκ(λ) : |a ∩ 2µ| < 2|a∩µ|} ∈ NShκ,λ.
Lemma 1.10 (Johnson [9]). Suppose κ is λ-Shelah, and µ is a cardinal with κ ≤ µ ≤ λ. Then there is A ∈ NSh∗κ,λ such that|a ∩ µ| < |b ∩ µ| for all a, b ∈ A with a ∩ µ ⊂ b ∩ µ.
Lemma 1.11 (Usuba [19]). Suppose X ∈ NSh+κ,λ. Then {x ∈ X : X ∩ P|x∩κ|(x) ∈ NSh|x∩κ|,x} ∈ NSh+κ,λ.
Lemma 1.12 (Folklore). Let S ∈ NS+κ,λ be such that x ∩ κ is a regular uncountable cardinal for every x ∈ S. Then {x ∈ S :
S ∩ Px∩κ(x) ∈ NSx∩κ,x} ∈ NS+κ,λ.
Proof. Fix f : λ × λ → λ. Let A = {x ∈ S : f ‘‘(x × x) ⊆ x} and B = {x ∩ κ : x ∈ A}. Pick x ∈ A with x ∩ κ =  B. Then
clearly A ∩ Px∩κ(x) = ∅. 
Lemma 1.13 (Carr [6], Matet [12]). Let S ∈ NS+κ,λ. Then the set of all x ∈ Pκ(λ) such that x∩κ is a regular uncountable cardinal
and S ∩ Px∩κ(x) ∈ NS+x∩κ,x lies in NSh∗κ,λ.
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Proposition 1.14. Let J be an ideal on Pκ(λ) with NShκ,λ ⊆ J . Then J ≠ NSκ,λ|T for every T ∈ NS+κ,λ.
Proof. By Lemmas 1.12 and 1.13. 
Lemma 1.15 (Carr [4]). If κ is 2λ<κ -Shelah, then κ is λ-supercompact.
Proposition 1.16. Suppose κ is λ-Shelah, α and β are two ordinals such that κ ≤ α < λ, 2 ≤ β ≤ λ and |β||α| ≤ λ,
and ⟨hξ : ξ ∈ Q ⟩ is a one-to-one enumeration of the set αβ , where Q ⊆ λ. Then the set of all x ∈ Pκ(λ) such that
∀f : x ∩ α → x ∩ β∃ξ ∈ x ∩ Q∀γ ∈ x ∩ α (f (γ ) = hξ (γ )) lies in NSh∗κ,λ.
Proof. Suppose the conclusion fails. Then for some X ∈ NSh+κ,λ, one can find fx : x ∩ α → x ∩ β and gx : x ∩ Q → x ∩ α
for x ∈ X so that fx(gx(ξ)) ≠ hx(gx(ξ)) whenever x ∈ X and ξ ∈ x ∩ Q . Put R = ({0} × Q ) ∪ ({1} × α) and select a
bijection j : R → |R|. Let X ′ be the set of all x ∈ X such that ω ⊆ x and j‘‘(({0} × (x ∩ Q )) ∪ ({1} × (x ∩ α))) = x ∩ |R|.
For x ∈ X ′, define kx : x ∩ |R| → x by kx(j(0, ξ)) = gx(ξ) for all ξ ∈ x ∩ Q , and kx(j(1, η)) = fx(η) for all η ∈ x ∩ α. Pick
K : |R| → λ so that for every d ∈ Pκ(λ), there is x ∈ X ′ with d ⊆ x and K |(d ∩ |R|) = kx|(d ∩ |R|). Define G : Q → α by
G(ξ) = K(j(0, ξ)), and H : α → β by H(η) = K(j(1, η)). Set H = hξ . Pick d ∈ Pκ(λ) so that ξ ∈ d, G‘‘(d ∩ Q ) ⊆ d and
j‘‘(({0} × (d ∩ Q )) ∪ ({1} × (d ∩ α))) ⊆ d. There must be x ∈ X ′ such that d ⊆ x and K |(d ∩ |R|) = kx|(d ∩ |R|). Then
gx(ξ) = kx(j(0, ξ)) = K(j(0, ξ)) = G(ξ). Moreover, hξ (G(ξ)) = H(G(ξ)) = K(j(1,G(ξ))) = kx(j(1,G(ξ))) = fx(G(ξ)),
which yields the desired contradiction. 
NSh[λ]
<κ
κ,λ denotes the set of all A ⊆ Pκ(λ) with the property that one can find ga : P|a∩κ|(a)→ P|a∩κ|(a) for a ∈ A so that
for every f : Pκ(λ)→ Pκ(λ), there is b ∈ Pκ(λ)with {a ∈ A : b < a and f |P(b) = ga|P(b)} = ∅.
Lemma 1.17. (i) NShκ,λ ⊆ NSh[λ]<κκ,λ .
(ii) Given B ⊆ Pκ(λ), B ∈ NSh[λ]<κκ,λ if and only if {x ∈ Pκ(λ<κ) : x ∩ λ ∈ B} ∈ NShκ,λ<κ .
(iii) Suppose κ is λ<κ -Shelah. Then NSh[λ]
<κ
κ,λ is a strongly normal ideal on Pκ(λ).
Proof. (i) Straightforward.
(ii) Argue as for Proposition 3.3(i) in [14].
(iii) Argue as for Lemma 3.1(iv) in [14]. 
Lemma 1.18 (Usuba [19]). Suppose that κ is λ<κ -Shelah. Then {x ∈ Eκ,λ : X ∩ Px∩κ(x) /∈ NS[x]<(x∩κ)x∩κ,x } ∈ (NSh[λ]
<κ
κ,λ )
∗ for every
X ∈ (NS[λ]<κκ,λ )+.
NAIκ,λ (respectively, NIκ,λ) is the set of all A ⊆ Pκ(λ) with the property that one can find ta : a → 2 for a ∈ A so that
there does not exist g : λ→ 2 and B in I+κ,λ ∩ P(A) (respectively, NS+κ,λ ∩ P(A)) such that g|a = ta for every a ∈ B.
κ is almost λ-ineffable (respectively, λ-ineffable) if Pκ(λ) does not lie in NAIκ,λ (respectively, NIκ,λ).
Lemma 1.19 (Usuba [19]). (i) Suppose κ is λ-ineffable (respectively, almost λ-ineffable). Then NIκ,λ (respectively, NAIκ,λ) is a
strongly normal ideal on Pκ(λ).
(ii) Suppose cf(λ) ≥ κ and κ is λ-Shelah. Then NAIκ,λ \ NShκ,λ ≠ ∅.
(iii) Suppose cf(λ) ≥ κ and κ is almost λ-ineffable. Then NIκ,λ \ NAIκ,λ ≠ ∅.
Lemma 1.20 (Carr [4]). For X ⊆ Pκ(λ), X ∈ NIκ,λ (respectively, NAIκ,λ) if and only if one can find fx : x → x for x ∈ X so that
for every g : λ→ λ, {x ∈ X : fx = g|x} lies in NSκ,λ (respectively, Iκ,λ).
Lemma 1.21 (Matet [14]). Suppose that κ is λ<κ -ineffable. Then {x ∈ Eκ,λ : x∩κ is not almost |x|<(x∩κ)-ineffable} ∈ p(NIκ,λ<κ )
and {x ∈ Eκ,λ : x ∩ κ is not |x|<(x∩κ)-ineffable} /∈ p(NIκ,λ<κ ), where p : Pκ(λ<κ)→ Pκ(λ) is defined by p(x) = x ∩ λ.
Lemma 1.22. (i) (Carr [5], Magidor [10]) Let X ⊆ Pκ(λ). If X ∈ NIκ,λ, then X −̸→
<
(NS+κ,λ)2, and the converse holds in case
cf(λ) ≥ κ .
(ii) (Matet [14]) For X ⊆ Pκ(λ), X −̸→
<
((NS[λ]
<κ
κ,λ )
+)2 if and only if X ∈ p(NIκ,λ<κ ), where p : Pκ(λ<κ) → Pκ(λ) is defined by
p(x) = x ∩ λ.
Set
NPκ,λ = {X ⊆ Pκ(λ) : X −̸→
<
(I+κ,λ)
2}
NP′κ,λ = {X ⊆ Pκ(λ) : X −̸→
<
(NS+κ,λ, I
+
κ,λ)
2}
NP′′κ,λ = {X ⊆ Pκ(λ) : X −̸→
<
(NS+κ,λ)
2}.
It is easy to check that NPκ,λ, NP′κ,λ, and NP
′′
κ,λ are (possibly improper) ideals on Pκ(λ).
Lemma 1.23 (Jech [7]). If NPκ,λ is proper, then κ is weakly compact.
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Proposition 1.24. NP′κ,λ and NP
′′
κ,λ are strongly normal.
Proof. We prove that NP′κ,λ is strongly normal and leave the proof of the strong normality of NP
′′
κ,λ to the reader.
Fix X ∈ (NP′κ,λ)+ and g : X → Pκ(λ) such that g(x) < x for all x ∈ X . Let T = {x ∈ X : o.t.(g(x)) ⊆ x ∩ κ}. Note that
T ∈ (NP′κ,λ)+. For a ∈ Pκ(λ), set Ta = T ∩ g−1(a). Suppose toward a contradiction that Ta ∈ NP′κ,λ for every a ∈ Pκ(λ). For
a ∈ Pκ(λ), select fa : [Ta]2< → 2 so that
(α) there is no A ∈ NS+κ,λ such that fa is identically 0 on [A]2<, and
(β) there is no B ∈ I+κ,λ such that fa is identically 1 in [B]2<.
For x ∈ T , let hx : o.t.(g(x)) → g(x) be the function that enumerates the elements of g(x) in increasing order. Define
f : [T ]2< → 2 as follows. Let (x1, x2) ∈ [T ]2<. If g(x1) = g(x2) = a, set f (x1, x2) = fa(x1, x2). Now suppose
g(x1) ≠ g(x2). If o.t.(g(x1)) < o.t.(g(x2)) (respectively, o.t.(g(x1)) > o.t.(g(x2))), f (x1, x2) equals 0 (respectively, 1). If
o.t.(g(x1)) = o.t.(g(x2)), let ξ be the least ordinal such that hx1(ξ) ≠ hx2(ξ), and set f (x1, x2) = 0 if hx1(ξ) < hx2(ξ), and
f (x1, x2) = 1 otherwise. There is i < 2 and H ⊆ T such that
(1) f takes the constant value i on [H]2<, and
(2) H ∈ NS+κ,λ if i = 0, and H ∈ I+κ,λ otherwise.
Case i = 1. Clearly, there must be z ∈ H such that o.t.(g(x)) = o.t.(g(z)) for every x ∈ H with z < x. Put γ = o.t.(g(z))
and H ′ = {x ∈ H : z < x}. By induction construct σξ < λ and xξ ∈ H ′ for ξ < γ so that hx(ξ) = σξ for every x ∈ H ′ with
xξ < x. Set a = {σξ : ξ < γ } and H ′′ = {x ∈ H ′ : ξ<γ xξ < x}. Then H ′′ ∈ I+κ,λ ∩ P(Ta). Moreover, fa is identically 1 on
[H ′′]2<. Contradiction.
Case i = 0. Select η < κ and H ∈ NS+κ,λ ∩ P(H) so that o.t.(g(x)) = η for every x ∈ H . By induction we construct tξ ∈ ξλ
and Cξ ∈ NS∗κ,λ for ξ ≤ η so that hx|ξ = tξ for every x ∈ H ∩ Cξ . Suppose tξ and Cξ have been constructed for every ξ < α.
If α is a limit ordinal, set tα = ξ<α tξ and Cα = ξ<α Cξ . Otherwise, let α = β + 1. Set A = {hx(β) : x ∈ H ∩ Cβ}. We
claim that A has a greatest element. Suppose otherwise. For δ ∈ A, pick wδ ∈ H ∩ Cβ so that hwδ (β) = δ. Let D be the set
of all x ∈ Pκ(λ) such that (i) o.t.(x ∩ A) is a limit ordinal, and (ii) wδ < x for every δ ∈ x ∩ A. Note that D ∈ NS∗κ,λ. Pick
y ∈ D ∩ H ∩ Cβ . There must be δ ∈ y ∩ A with hy(β) < δ. Then f (wδ, y) = 1, which yields the desired contradiction. Now
letting ζ = the greatest element of A, set tα = tβ ∪ {(β, ζ )} and Cα = {x ∈ Cβ : wζ < x}. Finally, let b = ran(tη). Then
H ∩ Cη ∈ NS+κ,λ ∩ P(Tb). Moreover, fb takes the constant value 0 on [H ∩ Cη]2<, a contradiction. 
κ is completely λ-ineffable if there is an ideal J on Pκ(λ) such that given A ∈ J+ and ta : a → 2 for a ∈ A, there exists
g : λ→ 2 with {a ∈ A : ta = g|a} ∈ J+, and then the smallest such ideal is denoted by NCIκ,λ.
It easily follows from Proposition 1.16 that if cf(λ) < κ and κ is 2<λ-Shelah, then κ is completely λ-ineffable.
Lemma 1.25 (Johnson [9]). NCIκ,λ is normal.
Note that by Lemma 1.25, NIκ,λ ⊆ NCIκ,λ.
2. NSJκ,λ and NJκ,λ
Definition. For κ ≤ α ≤ λ + 1, NSJακ,λ (respectively, NJακ,λ) denotes the set of all X ⊆ Pκ(λ) for which one can find
fx : x ∩ α → 2 for x ∈ X so that for every g : α → 2, there is ξ ∈ α such that {x ∈ X : ∀γ ∈ x ∩ ξ (fx(γ ) = g(γ ))} lies in
NSξκ,λ (respectively, NSκ,λ). We let NSJκ,λ = NSJλκ,λ and NJκ,λ = NJλκ,λ.
The following two propositions are readily checked.
Proposition 2.1. (i) For X ⊆ Pκ(λ), X ∈ NSJακ,λ if and only if one can find fx : x ∩ α → 2 for x ∈ X so that for every
g : α → 2, there is ξ ∈ α such that {x ∈ X : ∀γ ∈ x ∩ ξ(fx(γ ) = g(γ ))} ∈ζ<α NSζκ,λ.
(ii) NSJακ,λ and NJ
α
κ,λ are (possibly improper) ideals on Pκ(λ).
(iii)

ξ<α NS
ξ
κ,λ ⊆ NSJακ,λ and NSκ,λ ⊆ NJακ,λ.
(iv) NSJβκ,λ ⊆ NSJακ,λ and NJβκ,λ ⊆ NJακ,λ for every β with κ ≤ β ≤ α.
(v) NSJακ,λ ⊆ NJακ,λ.
(vi) Suppose α = β + 1. Then for X ⊆ Pκ(λ), X is in NSJακ,λ (respectively, NJακ,λ) if and only if one can find fx : x ∩ β → 2 for
x ∈ X so that for every g : β → 2, the set {x ∈ X : ∀γ ∈ x ∩ β (fx(γ ) = g(γ ))} is in NSβκ,λ (respectively, NSκ,λ).
(vii) NSJλ+1κ,λ = NJλ+1κ,λ = NIκ,λ.
(viii) If Y lies in NSJακ,λ (respectively, NJ
α
κ,λ), then for any cardinal µ > λ, the set {x ∈ Pκ(µ) : x ∩ λ ∈ Y } lies in NSJακ,µ
(respectively NJακ,µ).
Proposition 2.2. (i) Suppose NSJπκ,λ is proper, where π is a cardinal such that κ ≤ cf(π) and π ≤ λ. Then κ is mildly π-
ineffable.
(ii) If κ is weakly compact, then NSJκκ,λ = Iκ,λ and NJκκ,λ = NSκ,λ.
(iii) Let σ be a cardinal with κ ≤ σ < λ, and X ⊆ Pκ(λ) be such that {x ∩ σ : x ∈ X} ∈ NIκ,σ . Then X ∈ NSJσ+1κ,λ .
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Thus if NSJκ,λ is proper, then
(a) κ is σ -ineffable for every cardinal σ with κ ≤ σ < λ, and
(b) κ is mildly λ-ineffable in case cf(λ) ≥ κ .
Proposition 2.3. Let κ ≤ α ≤ λ and ω ≤ σ < α. Then NSJακ,λ and NJακ,λ are [σ ]<κ -normal.
Proof. Fix J ∈ {NSJακ,λ,NJακ,λ} and let K =

ζ<α NS
ζ
κ,λ if J = NSJακ,λ, and K = NSκ,λ otherwise. Let us first show that J is
σ -normal. Thus fix X ∈ J+ and F : X → σ such that F(x) ∈ x for all x ∈ X . Suppose toward a contradiction that F−1(ζ ) ∈ J
for every ζ ∈ σ . For ζ ∈ σ , pick f ζx : x ∩ α → 2 for x ∈ F−1(ζ ) so that for every g : α → 2, there is ξ ∈ α such that
{x ∈ X : f ζx |(x ∩ ξ) = g|(x ∩ ξ)} ∈ K . Select a bijection j : σ × 2 → σ . Let A be the set of all x ∈ Pκ(λ) such that ω ⊆ x
and j‘‘((x ∩ σ) × 2) = x ∩ σ . Note that A ∈ J∗. For x ∈ A ∩ X , define fx : x ∩ α → 2 as follows. Let fx(β) = f F(x)x (β) for
any β ∈ (x ∩ α) \ σ . For β ∈ x ∩ σ , put fx(j(β, 0)) = f F(x)x (β), and let fx(j(β, 1)) = 1 just in case β = F(x). There must be
h : α → 2 such that for any ξ ∈ α, the set Tξ = {x ∈ A ∩ X : fx|(x ∩ ξ) = h|(x ∩ ξ)} lies in K+. It is simple to see that there
is one and only one η in σ such that h(j(η, 1)) = 1. Define g : α → 2 by g(β) = h(j(β, 0)) if β < σ , and g(β) = h(β)
otherwise. Then clearly, Tξ ⊆ {x ∈ F−1(η) : f ηx |(x ∩ ξ) = g|(x ∩ ξ)} for any ξ ∈ α \ σ , a contradiction.
Next we show that J is [σ ]<κ -normal. Thus fix Y ∈ J+ and G : Y → Pκ(σ ) such that G(x) < x for all x ∈ Y . If σ < κ , then
J+∩{G−1(e) : e ∈ Pκ(σ )} ≠ ∅ sinceκ is inaccessible and J isκ-complete. Nowassumeσ ≥ κ . PutB = {x ∈ Pκ(λ) : x∩κ ∈ κ}.
By κ-normality of J , B ∈ J∗ and there is Z ∈ J+ ∩ P(Y ∩ B) and τ < κ such that |G(x)| = τ for every x ∈ Z . If τ < ω, then
J+ ∩ {Z ∩ G−1(e) : e ∈ Pκ(σ )} ≠ ∅ since J is σ -normal. Now suppose τ ≥ ω. For x ∈ Z , pick a bijection ix : τ \ {0} → G(x).
Assume toward a contradiction that Z ∩ G−1(e) ∈ J for every e ⊆ σ with |e| = τ . For e ⊆ σ with |e| = τ , select
f ex : x ∩ α → 2 for x ∈ Z ∩ G−1(e) so that for every k : α → 2, there is ξ ∈ α such that {x ∈ Z ∩ G−1(e) : f ex |(x ∩ ξ) =
k|(x∩ξ)} ∈ K . Select a bijectionπ : σ×τ → σ . LetD be the set of all x ∈ Pκ(λ) such that τ ⊆ x andπ ‘‘((x∩σ)×τ) = x∩σ .
Observe that D ∈ J∗. For x ∈ D ∩ Z , define tx : x ∩ α → 2 as follows. Set tx(β) = f G(x)x (β) for any β ∈ (x ∩ α) \ σ , and
tx(π(β, 0)) = f G(x)x (β) for each β ∈ x ∩ σ . For β ∈ x ∩ σ and δ ∈ τ , let tx(π(β, δ)) = 1 if and only if ix(δ) = β . Select
s : α → 2 so that for any ξ ∈ α, the setWξ = {x ∈ D ∩ Z : tx|(x ∩ ζ ) = s|(x ∩ ξ)} lies in K+. Given δ ∈ τ , there is βδ ∈ σ
and Qσ ∈ K+ ∩ P(Wσ ) such that ix(δ) = βδ for every x ∈ Qσ . It is simple to see that s(π(βδ, δ)) = 1, and s(π(β, δ)) = 0 for
all β ∈ σ \ {βδ}. Put e = {βδ : δ ∈ τ }. Define k : α → 2 by k(β) = s(π(β, 0)) if β < σ , and k(β) = s(β) otherwise. Then
clearly for any ξ ∈ α \ σ ,Wξ ⊆ {x ∈ G−1(e) : f ex |(x ∩ ξ) = k|(x ∩ ξ)}, which yields the desired contradiction. 
In particular NSJκ,λ and NJκ,λ are both seminormal.
Proposition 2.4. Suppose cf(λ) ≥ κ and NSJκ,λ is proper. Then {a ∈ Pκ(λ) : sup(a) ∈ a} ∈ NSJ+κ,λ.
Proof. Set A = {a ∈ Pκ(λ) : sup(a) ∈ a} and B = Pκ(λ) \ A. If B ∈ NSJκ,λ, then A ∈ NSJ∗κ,λ. Now suppose B ∈ NSJ+κ,λ.
Define t : B → A by t(b) = b ∪ {sup(b)}. Given fa : a → 2 for a ∈ A, define gb : b → 2 for b ∈ B by gb = ft(b)|b. Select
h : λ → 2 so that for every ξ < λ, the set Wξ = {b ∈ B : gb|(b ∩ ξ) = h|(b ∩ ξ)} belongs to (NSξκ,λ)+. For κ ≤ ξ < λ,
put Dξ = {b ∈ Wξ : sup(b) > ξ} and Qξ = t ‘‘Dξ . Then clearly Qξ ⊆ {a ∈ A : fa|(a ∩ ξ) = h|(a ∩ ξ)}. Let us show that
Qξ /∈ NSξκ,λ. Thus fix v : ξ × ξ → Pκ(λ). Pick b ∈ Dξ so that v‘‘((b∩ ξ)× (b∩ ξ)) ⊆ P(b). Then v‘‘((a∩ ξ)× (a∩ ξ)) ⊆ P(a),
where a = t(b). Thus A ∈ NSJ+κ,λ. 
Thus in case cf(λ) ≥ κ , if NSJκ,λ is proper, then it is not normal.
Proposition 2.5. Suppose NSJκ,λ is proper. Then {a ∈ Pκ(λ) : ∀δ ∈ a (k(δ) ⊆ a)} ∈ NSJ+κ,λ for every k : λ→ Pκ(λ).
Proof. Given k : λ → Pκ(λ), set C = {a ∈ Pκ(λ) : ∀δ ∈ a (k(δ) ⊆ a)}. Let fa : a → 2 for a ∈ C . For b ∈ Pκ(λ), put
b˜ = {a ∈ C : a ⊆ b} and select kb : b → 2 so that kb|b˜ = fb˜. There is w : λ→ 2 with the property that for every ξ < λ,
the set Tξ = {b ∈ Pκ(λ) : kb|(b ∩ ξ) = w|(b ∩ ξ)} does not belong to NSξκ,λ. For κ ≤ ξ < λ, set Uξ = {b˜ : b ∈ Tξ }. Then
Uξ /∈ NSξκ,λ since for any t : ξ × ξ → Pκ(λ), {b ∈ Pκ(λ) : ∀(γ , δ) ∈ (b˜ ∩ ξ)× (b˜ ∩ ξ) (t(γ , δ) ⊆ b˜)} ∈ (NSξκ,λ)∗. Moreover,
fa|(a ∩ ξ) = w|(a ∩ ξ) for every a ∈ Uξ . 
Question 1. Does it hold that NS∗κ,λ ∩ NSJκ,λ = ∅ in case NSJκ,λ is proper?
Proposition 2.6. Suppose 2 < δ < λ, X is in NSJ+κ,λ (respectively, NJ
+
κ,λ), and fx : x → x ∩ δ for x ∈ X. Then there is g : λ→ δ
such that {x ∈ X : ∀η ∈ x ∩ ξ(fx(η) = g(η)} lies in (NSξκ,λ)+ (respectively, NS+κ,λ) for every ξ < λ.
Proof. Define πδ as follows. If λ is regular, let πδ be an arbitrary bijection from λ× δ onto λ. Otherwise, pick an increasing
continuous sequence ⟨λi : i < cf(λ)⟩ of cardinals greater than or equal to δ cofinal in λ. Select a bijection π˜ : λ0 × δ → λ0,
and for each i < cf(λ), a bijection π˜i : (λi+1 \ λi)× δ → λi+1 \ λi. Finally let πδ = π˜ ∪i<cf(λ) π˜i.
For x ∈ X , define hx : x → 2 by hx(β) = 1 if and only if β = πδ(η, fx(η)) for some η ∈ x. There is k : λ → 2
such that {x ∈ X : hx|(x ∩ ξ) = k|(x ∩ ξ)} lies in (NSξκ,λ)+ (respectively NS+κ,λ) for every ξ < λ. It is simple to see that|{ζ ∈ δ : k(πδ(η, ζ )) = 1}| = 1 for every η ∈ λ. Define g : λ→ δ by g(η) = the unique ζ ∈ δ such that k(πδ(η, ζ )) = 1.
Given σ < λ, pick ξ ∈ λ \ δ so that ξ ≥ σ and πδ ‘‘(ξ × δ) = ξ . Let Y be the set of all x ∈ X such that
(a) hx(γ ) = k(γ ) for every γ ∈ x ∩ ξ ,
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(b) πδ ‘‘((x ∩ ξ)× (x ∩ δ)) = x ∩ ξ , and
(c) g ‘‘(x ∩ ξ) ⊆ x.
Then clearly Y lies in (NSξκ,λ)
+ (respectively, NS+κ,λ). Let us show that fx|(x ∩ ξ) = g|(x ∩ ξ) for all x ∈ Y . Thus let x ∈ Y and
η ∈ x ∩ ξ . Then πδ(η, fx(η)) ∈ x and 1 = hx(πδ(η, fx(η))) = k(πδ(η, fx(η))), so g(η) = fx(η). 
Definition. E ′κ,λ denotes the set of all x ∈ Eκ,λ such that o.t.(x) is a cardinal.
Proposition 2.7. Suppose K is a normal ideal on Pκ(λ) with NSJκ,λ ⊆ K. Then E ′κ,λ ∈ K ∗.
Proof. Suppose otherwise. Then we may find X ∈ K+ ∩ P(Eκ,λ \ E ′κ,λ) and α ∈ λ such that for each x ∈ X , α ∈ X and there
exists a bijection fx : x → x∩α . By Proposition 2.6 there is g : λ→ α such that {x ∈ X : ∀η ∈ x∩ξ (fx(η) = g(η))} /∈ NSξκ,λ
for every ξ < λ. But then g must be one-to-one, a contradiction. 
The following is proved as Proposition 4.1 in [14].
Proposition 2.8. (i) For any Z ∈ NSJ+κ,λ ∩ P(E ′κ,λ), {x ∈ Z : Z ∩ Px∩κ(x) ∈ NSJx∩κ,x} ∈ NSJ+κ,λ.
(ii) For any Z ∈ NJ+κ,λ ∩ P(E ′κ,λ), {x ∈ Z : Z ∩ Px∩κ(x) ∈ NJx∩κ,x} ∈ NJ+κ,λ.
Proposition 2.9. Let κ ≤ α ≤ λ and X ⊆ Pκ(λ) be such that X −→
<
((

δ<α NS
δ
κ,λ)
+)2. Then X /∈ NSJακ,λ.
Proof. Given fx : x → 2 for x ∈ X , define F : [X]2< → 2 as in the proof of Proposition 3.5 below. There is H ⊆ X such that
H /∈ δ<α NSδκ,λ and F is constant on H . Following the proof of Proposition 3.5, define σγ ∈ 2 and Bγ ∈ NSω∪γκ,λ so that for
any x ∈ H \ Bγ , γ ∈ x and fx(γ ) = σγ . 
3. NSBκ,λ and NBκ,λ
Definition. For κ ≤ α ≤ λ + 1, NSBακ,λ (respectively, NBακ,λ) denotes the set of all X ⊆ Pκ(λ) for which one can find
fx : x ∩ α → x for x ∈ X so that for any g : α → λ, there is ξ ∈ α such that the set {x ∈ X : ∀γ ∈ x ∩ ξ(fx(γ ) = g(γ )} lies
in NSξκ,λ (respectively NSκ,λ). We let NSBκ,λ = NSBλκ,λ and NBκ,λ = NBλκ,λ.
Note that NSJακ,λ ⊆ NSBακ,λ and NJακ,λ ⊆ NBακ,λ. The basic observations made in Proposition 2.1((i)–(ii), (iv)–(vi) and (viii))
concerning NSJακ,λ (respectively NJ
α
κ,λ) remain valid, mutatis mutandis, for NSB
α
κ,λ (respectively NB
α
κ,λ). The corresponding
version of Proposition 2.1(vii) asserts that NSBλ+1κ,λ = NBλ+1κ,λ = NIκ,λ. That this holds follows from Lemma 1.20. The ideal
NSBκκ,λ has already been considered in [13], where it is characterized in terms of a partition property.
Proposition 3.1. (i) If cf(λ) ≥ κ , then NShκ,λ ⊆ NSBκ,λ.
(ii) {x ∈ Z : Z ∩ Px∩κ(x) ∈ NSBx∩κ,x} ∈ NSB+κ,λ for every Z ∈ NSB+κ,λ ∩ P(Eκ,λ).
(iii) {x ∈ Z : Z ∩ Px∩κ(x) ∈ NBx∩κ,x} ∈ NB+κ,λ for every Z ∈ NB+κ,λ ∩ P(Eκ,λ).
Proof. (i) Easy.
(ii) and (iii) Proceed as in the proof of Proposition 4.1 in [14]. 
Proposition 3.2. NSBκ,λ and NBκ,λ are both strongly normal.
Proof. Fix J ∈ {NSBκ,λ,NBκ,λ}, and let K = ζ<λ NSζκ,λ if J = NSBκ,λ, and K = NSκ,λ otherwise. Let C be the set of all
x ∈ Pκ(λ) such that
(a) x ∩ κ is an infinite limit cardinal, and
(b) ν+ ∈ x ∩ κ for any cardinal ν ∈ x ∩ κ .
Then clearly C ∈ (NSκκ,λ)∗, so C ∈ J∗. Now fix X ∈ J+∩P(C) and F : X → Pκ(λ)with the property that F(x) < x for all x ∈ X .
For x ∈ X , set ηx = o.t.(F(x)) and let ⟨θ xβ : β < ηx⟩ be the increasing enumeration of F(x). Suppose toward a contradiction
that F−1(e) ∈ J for every e ∈ Pκ(λ). For e ∈ Pκ(λ), select f ex : x → x for x ∈ F−1(e) so that for every h : λ → λ, there is
ξ < λwith {x ∈ F−1(e) : ∀γ ∈ x ∩ ξ(f ex (γ )) = h(γ ))} ∈ K . For x ∈ X , define fx : x → x as follows:
(1) fx(δ) = ηx if δ = 0.
(2) fx(δ) = θ xβ if δ = 1+ β and β < ηx.
(3) fx(δ) = f F(x)x (γ ) if δ = 1+ ηx + γ .
There must be g : λ → λ such that for any ξ ∈ λ, the set Tξ = {x ∈ X : ∀δ ∈ x ∩ ξ (fx(δ) = g(δ))} lies in K+. Set
η = g(0) and e = {g(1 + β) : β < η}, and define h : λ → λ by h(γ ) = g(1 + η + γ ). Then for any ξ ∈ λ \ |η|+,
Tξ ⊆ {x ∈ F−1(e) : ∀γ ∈ x ∩ ξ(f ex (γ ) = h(γ ))}. Contradiction. 
Proposition 3.3. (i) Suppose λ ≤ 2µ for some cardinal µ < λ. Then NBκ,λ = NJκ,λ.
(ii) Suppose NSJκ,λ is proper and λ ≤ µ<κ for some cardinal µ < λ. Then NSBκ,λ = NSJκ,λ|C for some C ∈ NSJ+κ,λ ∩ NS∗κ,λ.
(iii) Suppose λ = 2µ for some cardinal µ. Then NSBκ,λ ∩ P(C) ⊆ NSJκ,λ for some C ∈ NS∗κ,λ.
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Proof. (i) Fix a cardinal µ < λ such that λ ≤ 2µ. Let πµ : λ× µ→ λ be defined as in the proof of Proposition 2.6, and let
⟨Bξ : ξ < 2µ⟩ be a one-to-one enumeration of P(µ). Let C be the set of all x ∈ Pκ(λ) such that Bξ ∩ x ≠ Bη ∩ x for any two
distinct members ξ, η of x. Note that C ∈ NS∗κ,λ.
Fix X ∈ NJ+κ,λ ∩ P(C) and fx : x → x for x ∈ X . For x ∈ X , define hx : x → 2 by: hx(β) = 1 if and only if β = πµ(η, ζ ) for
some (η, ζ ) ∈ x × (x ∩ µ) such that ζ ∈ Bfx(η). There is k : λ → 2 such that {x ∈ X : hx|(x ∩ ξ) = k|(x ∩ ξ)} ∈ NS+κ,λ for
every ξ < λ. Define g : λ→ 2µ by: Bg(η) = {ζ ∈ µ : k(πµ(η, ζ )) = 1}.
Claim. ran(g) ⊆ λ.
Proof of the claim. Suppose otherwise. Pick α ∈ λwith g(α) /∈ λ, and putW = {x ∈ Pκ(λ) : ∃ξ ∈ x (x ∩ Bg(α) = x ∩ Bξ )}.
Note that W ∈ NSκ,λ. Select θ < λ such that {πµ(α, δ) : δ < µ} ⊆ θ . We may find y ∈ X \ W such that α ∈ y,
y ∩ µ = {δ ∈ µ : πµ(α, δ) ∈ y} and hy|(y ∩ θ) = k|(y ∩ θ). Then y ∩ Bfy(α) = y ∩ Bg(α), since for any δ ∈ µ,
δ ∈ y ∩ Bfy(α) ⇐⇒ hy(πµ(α, δ)) = 1 ⇐⇒ (δ ∈ y and k(πµ(α, δ)) = 1) ⇐⇒ δ ∈ y ∩ Bg(α). This contradiction
completes the proof of the claim. [claim]
We now proceed as in the proof of Proposition 2.6. Given σ < λ, pick ξ ∈ λ \ (µ ∪ σ) with πµ‘‘(ξ × µ) = ξ . Let Y be
the set of all x ∈ X such that
(a) hx(γ ) = k(γ ) for all γ ∈ x ∩ ξ ,
(b) πµ‘‘((x ∩ ξ)× (x ∩ µ)) = x ∩ ξ , and
(c) g ‘‘(x ∩ ξ) ⊆ x.
Let x ∈ Y and η ∈ x ∩ ξ . For any ζ ∈ x ∩ µ, πµ(η, ζ ) ∈ x ∩ ξ and hx(πµ(η, ζ )) = k(πµ(η, ζ )), so ζ ∈ Bfx(η) ⇐⇒
k(πµ(η, ζ )) = 1 ⇐⇒ ζ ∈ Bg(η). Hence fx(η) = g(η).
(ii) Given a cardinal µ such that λ ≤ µ<κ , let ⟨Bξ : ξ < µ<κ⟩ be a one-to-one enumeration of Pκ(µ) and put
C = {x ∈ Pκ(λ) : ∀ξ ∈ x (Bξ ⊆ x)}. Note that C ∈ NSJ+κ,λ by Proposition 2.5. To show that NSBκ,λ ⊆ NSJκ,λ|C , proceed as in
the proof of (i). The main modification takes place in the proof of the claim, where W should be redefined as the set of all
x ∈ Pκ(λ) such that Bg(α) \ x ≠ ∅. Details are left to the reader.
(iii) The proof is left to the reader. 
Definition. GivenA,B,C ⊆ P(Pκ(λ)),A ⊂−→
<
(B,C)2 asserts that for any A ∈ A and any F : Pκ(λ)× Pκ(λ)→ 2, there is
either B ∈ B ∩ P(A) such that F takes the constant value 0 on [B]2<, or C ∈ C ∩ P(A) such that F takes the constant value 1
on [C]2.
Let us now show that if cf(λ) ≥ κ , then NSB+κ,λ ⊂−→
<
((

ζ<λ NS
ζ
κ,λ)
+, I+κ,λ)2, and NB
+
κ,λ
⊂−→
<
(NS+κ,λ, I
+
κ,λ)
2.
Proposition 3.4. Suppose cf(λ) ≥ κ and A is in NSB+κ,λ (respectively, NB+κ,λ). Let F : [A]2 → η, where 2 ≤ η < κ . Then there is
Q ⊆ A such that either Q is in (ζ<λ NSζκ,λ)+ (respectively, NS+κ,λ) and F takes the constant value 0 on [Q ]2<, or Q is in I+κ,λ and
F takes the constant value i on [Q ]2 for some i with 0 < i < η.
Proof. Let J = NBκ,λ if A ∈ NB+κ,λ, and J = NSBκ,λ otherwise. Put K = NSκ,λ if J = NBκ,λ and K = (

ζ<λ NS
ζ
κ,λ)
otherwise. Let ⟨aα : α < λ⟩ be a one-to-one enumeration of Pκ(λ). Let X be the set of all x ∈ Eκ,λ such that η ⊆ x and
Px∩κ(x) = {aα : α ∈ x}. Note that X ∈ (NS[λ]<κκ,λ )∗. Let W be the set of all x ∈ A ∩ X such that F is identically i on [u]2 for
some i > 0 and u ∈ I+x∩κ,x ∩ P(A ∩ X).
First assume thatW ∈ NSh+κ,λ. Then theremust be j > 0, R ∈ NSh+κ,λ∩P(W ) and ux ∈ I+x∩κ,x∩P(A∩X) for x ∈ R such that
F takes the constant value j on [ux]2 for every x ∈ R. For x ∈ R, define sx : x → x by s(ζ ) = the least θ in x such that aζ ⊆ aθ
and aθ ∈ ux. Select S : λ→ λ so that for every v ∈ Pκ(λ), there is x ∈ Rwith v ⊆ x and S|v = sx|v. Put B = {aS(ζ ) : ζ < λ}.
Then clearly B ∈ I+κ,λ ∩ P(A ∩ X). Moreover, F is identically j on [B]2.
Now assumeW ∈ NShκ,λ. Set D = (A ∩ X) \W . For x ∈ D, 0 < i < η, l ⊆ x and π ∈ x, letA(x, i, l, π) be the set of all
θ ∈ x such that
(1) {π} ∪ aπ ⊆ aθ .
(2) F(aθ , x) = i.
(3) aθ \ aγ ≠ ∅ for every γ ∈ l.
(4) F(aγ , aθ ) = i for any γ ∈ l such that aγ ⊂ aθ .
For x ∈ D and 0 < i < η, define αxi ∈ x and hxi : x ∩ αxi → x so that
(i) A(x, i, ran(hxi ), α
x
i ) = ∅,
(ii) For every π ∈ x ∩ αxi ,A(x, i, ran(hxi |(x ∩ π)), π) ≠ ∅ and hxi (π) = minA(x, i, ran(hxi |(x ∩ π)), π).
There must be Y ∈ J+ ∩ P(D) and ⟨αi : 0 < i < η⟩ such that αix = αi whenever x ∈ Y and 0 < i < η. Set
α = η∪ω∪ (0<i<η αi),and pick a bijection ϕ : η×α → α. Let T be the set of all x ∈ Y such that ϕ‘‘(η× (x∩α)) = x∩α.
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For x ∈ T , define hx : x ∩ α → x so that hx(ϕ(i, δ)) = hxi (δ) whenever 0 < i < η and δ ∈ x ∩ αi. There is f : α → λ and
Z ∈ K+∩P(T ) such that f (γ ) = hx(γ )whenever x ∈ Z and γ ∈ x∩α. For 0 < i < η, define fi : αi → λ by fi(δ) = f (ϕ(i, δ)).
Then clearly fi(δ) = hxi (δ)whenever x ∈ Z and δ ∈ x ∩ αi. Select e ∈ Pκ(λ) so that e \ αθ ≠ ∅ for every θ ∈

0<i<η ran(fi).
Let H be the set of all x ∈ Z such that e ∪ {αi : 0 < i < η} ∪ (0<i<η aαi) ⊆ x. Note that H ∈ K+. We claim that F takes the
constant value 0 on [H]2<. Suppose otherwise and select x1, x2 ∈ H so that x1 < x2 and F(x1, x2) ≠ 0. Set i = F(x1, x2). There
must be δ ∈ x2 ∩ αi such that afi(δ) ⊂ x1 and F(afi(δ), x1) ≠ i. But then δ ∈ x1, which yields the desired contradiction. 
Proposition 3.5. Let X ⊆ Pκ(λ) be such that X −→
<
(NS+κ,λ, (

ζ<λ NS
ζ
κ,λ)
+)2. Then X /∈ NSBκ,λ.
Proof. Let fx : x → x for x ∈ X . Define F : [X]2< → 2 by: F(y, x) = 1 just in case there is α ∈ y such that fy(α) ≠ fx(α),
and for the least such α, fy(α) > fx(α). There is H ⊆ X and i < 2 such that (a) F takes the constant value i on [H]2<, and (b)
H ∈ NS+κ,λ if i = 0, and H ∈ (

ζ<λ NS
ζ
κ,λ)
+ otherwise. By induction on γ < λ, we define σγ < λ and Bγ ∈ NSγκ,λ so that for
any x ∈ H \ Bγ , γ ∈ x and fx(γ ) = σγ . Suppose ⟨σγ : γ < ξ ⟩ and ⟨Bγ : γ < ξ ⟩ have already been constructed. Let Y be
the set of all x ∈ H such that ξ ∈ x and x /∈ γ∈x∩ξ Bγ . Note that H \ Y ∈ NSξκ,λ. For θ ∈ λ, setWθ = {x ∈ Y : fx(ξ) = θ}.
We claim that Wθ ∈ (NSξκ,λ)+ for some θ ∈ λ. Suppose otherwise. Then clearly i = 1. Construct xn ∈ Y and θn ∈ λ for
n < ω so that (i) for each q < n, xq < xn and xn /∈ Wθq , and (ii) xn ∈ Wθn . Then θ0 > θ1 > θ2 > · · · , a contradiction. Let
σξ = the least θ < λ such that Wθ ∈ (NSξκ,λ)+, and Bξ = H \ Wσξ . Suppose toward a contradiction that Bξ ∈ (NSξκ,λ)+.
Set Z0 = θ<σξ Wθ and Z1 = σξ<θ<λWθ . Pick j ∈ {0, 1} so that Zj ∈ (NSξκ,λ)+. Now select ylk for l, k < 2 so that yl0 ∈ Zj,
yl1 ∈ Wσξ and yll < yl1−l. Then F(y00, y01) ≠ F(y10, y11). Contradiction. 
4. The case 2<λ = λ
Throughout this section we assume that 2<λ = λ.
Define Q ⊆ λ and ⟨hξ : ξ ∈ Q ⟩ as follows. If λ is regular set Q = λ and let ⟨hξ : ξ < λ⟩ be an arbitrary one-
to-one enumeration of the set

κ≤α<λ α2. In case λ is singular, pick an increasing continuous sequence ⟨λi : i < cf(λ)⟩
of cardinals cofinal in λ so that λ0 = κ and 2λi ≤ λi+1 for all i < cf(λ). For i < cf(λ), select a one-to-one function
πi : λi≤α<λi+1 α2 → λi+2 \ λi+1. Put Q = i<cf(λ) ran(πi). Given i < cf(λ) and ξ ∈ ran(πi), set hξ = the unique
f ∈ dom(πi) such that ξ = πi(f ).
Note that if λ is a strong limit cardinal, then for every α with κ ≤ α < λ, there is β < λwith α2 ⊆ {hξ : ξ ∈ Q ∩ β}.
Definition. For κ ≤ α < λ, let Cακ,λ denote the set of all x ∈ Pκ(λ) with the property that for any f : x ∩ α → 2, there is
ξ ∈ x ∩ Q such that dom(hξ ) = α and f = hξ |(x ∩ α).
The following is readily checked.
Proposition 4.1. (i) If x ∈ Cακ,λ, then |x| ≥ 2|x∩α|.
(ii) Cακ,λ ∈ I+κ,λ.
(iii) Pκ(λ) \ Cακ,λ ∈ NSJα+1κ,λ .
(iv) Suppose λ is a strong limit cardinal and Cακ,λ /∈ NSSκ,λ. Then NSJα+1κ,λ ⊆ NSSκ,λ|Cακ,λ.
(v) Suppose Cακ,λ /∈ NSκ,λ. Then NJα+1κ,λ = NSκ,λ|Cακ,λ.
Definition. Let Cκ,λ = {x ∈ Pκ(λ) : ∀α ∈ x \ κ(x ∈ Cακ,λ)}.
The following is immediate.
Proposition 4.2. (i) Pκ(λ) \ Cκ,λ ∈ NSBκ,λ.
(ii) Suppose λ is inaccessible and Cκ,λ /∈ NSSκ,λ. Then (κ≤α<λ NSJακ,λ)|Cκ,λ = NSSκ,λ|Cκ,λ.
(iii) Suppose Cκ,λ /∈ NSκ,λ. Then (κ≤α<λ NJακ,λ)|Cκ,λ = NSκ,λ|Cκ,λ.
Proposition 4.3. Suppose λ is a strong limit cardinal and the ideal

κ≤α<λ NJ
α
κ,λ is proper. Then Pκ(λ) \ Cκ,λ /∈

κ≤α<λ NJ
α
κ,λ.
Proof. By Proposition 4.1 it suffices to show that Cακ,λ \ Cκ,λ ∈ NS+κ,λ for every α with κ ≤ α < λ. Thus fix such an α and
g : λ× λ→ λ. Pick a cardinal µ so that α < µ < λ and α2 ⊆ {hξ : ξ ∈ Q ∩ µ}. Define An for n < ω by A0 = µ ∪ {µ}, and
An+1 = An ∪ g ‘‘(An × An). Select a bijection j : µ→n<ω An. Let D be the set of all a ∈ Pκ(µ) such that
(a) a ∩ κ ∈ κ .
(b) µ ∈ j‘‘a.
(c) µ ∩ j‘‘a = a.
(d) g ‘‘(j‘‘a× j‘‘a) ⊆ j‘‘a.
It is simple to see that D ∈ NS∗κ,µ and Cακ,λ ∩ Pκ(µ) ∈ (NJα+1κ,µ )∗. Now select a ∈ D ∩ Cακ,λ. Set b = j‘‘a. Then b /∈ Cµκ,λ since|b| = |b ∩ µ|. Since µ ∈ b, it follows that b /∈ Cκ,λ. Clearly, b ∈ Cακ,λ. Moreover, b ∩ κ ∈ κ and g ‘‘(b× b) ⊆ b. 
Proposition 4.4. NJκ,λ ⊆ NShκ,λ.
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Proof. The result is trivial if NShκ,λ is not proper, so assume κ is λ-Shelah. If cf(λ) < κ , then by Proposition 5.3 of [19]
NShκ,λ = NIκ,λ, hence NJκ,λ ⊆ NShκ,λ. Now suppose cf(λ) ≥ κ . By Proposition 1.16, Cακ,λ ∈ NSh∗κ,λ for every α with
κ ≤ α < λ, so Cκ,λ ∈ NSh∗κ,λ. Fix X ∈ NSh+κ,λ and tx : x → 2 for x ∈ X . For x ∈ X ∩ Cκ,λ, define fx : x → x∩ Q so that for any
α ∈ x, dom(hfx(α)) = α and hfx(α)|(x∩ α) = tx|(x∩ α). There is g : λ→ λ such that for any d ∈ Pκ(λ), {x ∈ X ∩ Cκ,λ : d ⊆ x
and g|d = fx|d} ∈ NSh+κ,λ. Put T =

α<λ hg(α). It is simple to see that T is a function from λ to 2. Moreover for any α ∈ λ,
{x ∈ X ∩ Cκ,λ : T |(x ∩ α) = tx|(x ∩ α)} ∈ NSh+κ,λ. 
We conclude the section with the following variant of Proposition 2.6.
Proposition 4.5. Suppose 2 ≤ δ < λ = |δ|<λ, X is in NSJ+κ,λ (respectively, NJ+κ,λ), and fx : x → x ∩ δ for x ∈ X. Then there is
g : λ→ δ such that {x ∈ X : fx|(x ∩ α) = g|(x ∩ α)} lies in NSJ+κ,λ (respectively, NJ+κ,λ) for every α < λ.
Proof. Select a bijection j : λ× λ→ λ so that the set of all β < λ such that j‘‘(β × β) = β is unbounded in λ. Suppose to
the contrary that for any g : λ→ δ, there is αg < λ such that {x ∈ X : fx|(x ∩ αg) = g|(x ∩ αg)} lies in NSJκ,λ (respectively,
NJκ,λ). Let ⟨kγ : 0 < γ < λ⟩ be an enumeration of the set {g|αg : g : λ → δ}. For 0 < γ < λ, put ηγ = dom(kγ ) and set
Zγ = {x ∈ X : fx|(x∩ ηγ ) = kγ |(x∩ xγ )}. Since Zγ lies in NSJκ,λ (respectively, NJκ,λ), we may find tγx : x → 2 for x ∈ Zγ such
that for any q : λ → 2, there is β ∈ λ with the property that {x ∈ Zγ : tγx |(x ∩ β) = q|(x ∩ β)} lies in NSβκ,λ (respectively,
NSκ,λ). For x ∈ Pκ(λ) with 2 ⊆ x, define wx : x → x ∩ δ so that for any γ , ξ ∈ x with j(γ , ξ) ∈ x, wx(j(γ , ξ)) equals fx(ξ)
if γ = 0, and tγx (ξ) otherwise. By Proposition 2.6 there must be s : λ → δ such that {x ∈ X : wx|(x ∩ β) = s|(x ∩ β)}
lies in (NSβκ,λ)
+ (respectively, NS+κ,λ) for every β < λ. Define g : λ → δ by g(ξ) = s(j(0, ξ)). Let γ ∈ λ \ {0} be such
that g|αg = kγ , and define q : λ → δ by q(ξ) = s(j(γ , ξ)). Then for any β ∈ λ with j‘‘(β × β) = β > γ ∪ ηγ ,
Yβ ⊆ {x ∈ Zγ : tγx |(x∩β) = q|(x∩β)}, where Yβ is the set of all x ∈ X such that {0, 1, γ } ⊆ x, and j‘‘((x∩β)×(x∩β)) = x∩β
andwx|(x ∩ β) = s|(x ∩ β). Contradiction. 
Corollary 4.6. Suppose that A ∈ NSJ+κ,λ is such that NSJκ,λ|A is normal. Then NSJκ,λ|A = NJκ,λ|A.
5. The case cf(λ) = λ
Throughout this section we assume that λ is a regular cardinal.
Proposition 5.1. Suppose there is a λ-Aronszajn tree. Then
(i) If NSJκ,λ is proper, then NSBκ,λ = NSJκ,λ|C for some C ∈ NSJ+κ,λ ∩ NS∗κ,λ.
(ii) NBκ,λ = NJκ,λ.
Proof. We give the proof of (i) and leave that of (ii) to the reader. Suppose that NSJκ,λ is proper. Fix a λ-Aronszajn tree
T = ⟨λ,<T ⟩. For α < λ, let Tα denote the αth level of T . Let C be the set of all x ∈ Pκ(λ) such that x∩ Tθ ≠ ∅ for every θ ∈ x.
Note that C ∈ NSJ+κ,λ by Proposition 2.5. Pick a bijection π : λ× λ→ λ. Let X ∈ NSJ+κ,λ ∩ P(C) and fx : x → x. For x ∈ X and
η ∈ x, select αxη ∈ x∩ Tfx(η) and put bxη = {β ∈ x∩ T : β ≤T αxη}. For x ∈ X , define sx : x → 2 by: sx(π(η, ζ )) = 1 just in case
η ∈ x and ζ ∈ bxη . There is S : λ → 2 with the property that for any ξ < λ, the setWξ = {x ∈ X : sx|(x ∩ ξ) = S|(x ∩ ξ)}
lies in NSS+κ,λ. For η < λ, set Bη = {ζ ∈ λ : S(π(η, ζ )) = 1}. It is simple to see that
(a) if ζ , ζ ′ are two distinct members of Bη , then ζ <T ζ ′ or ζ ′ <T ζ , and
(b) {ζ ′ ∈ λ : ζ ′ <T ζ } ⊆ Bη for every ζ ∈ Bη .
Put δη = the least δ < λ such that Bη ∩ Tδ = ∅, and define hη : δη → λ by hη(σ ) = the unique element of Bη ∩ Tσ . Define
F : λ→ λ by: F(η) = δη − 1 if δη is a successor ordinal, and F(η) = 0 otherwise. Now fix θ < λ. Pick a limit ordinal ξ < λ
so that
(1) θ ≤ ξ ,
(2) π ‘‘(ξ × ξ) = ξ , and
(3) for any η < ξ , δη < ξ and ran(hη) ⊆ ξ .
Let H be the set of all x ∈ Pκ(λ) such that
(α) π ‘‘((x ∩ ξ)× (x ∩ ξ)) = x ∩ ξ , and
(β) for any η ∈ x ∩ ξ , {η + 1, δη} ∪ hη ‘‘(x ∩ δη) ⊆ x.
Note that H ∈ (NSξκ,λ)∗. Let x ∈ H ∩Wξ and η ∈ x ∩ ξ .
We claim that fx(η) < δη . Suppose otherwise. Put γ = the unique element of bxη ∩ Tδη . Then γ ∈ ξ and sx(π(η, γ )) =
1 = S(π(η, γ )), so γ ∈ Bη ∩ Tδη , a contradiction.
Now suppose toward a contradiction that fx(η)+ 1 < δη . Set ζ = hη(fx(η)+ 1). Since fx(η)+ 1 belongs to x∩ ξ , so does
ζ and therefore S(π(η, ζ )) = 1 = sx(π(η, ζ )). Thus ζ ∈ bxη ∩ Tfx(η)+1, a contradiction.
We proved that δη = fx(η)+ 1. It follows that F(η) = fx(η). Thus H ∩Wξ ⊆ {y ∈ X : F |(y ∩ ξ) = fx(y ∩ ξ)}. 
Proposition 5.2. Let 2 ≤ ζ < κ . Then NSJ+κ,λ −→ (I+κ,λ)2ζ .
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Proof. Fix F : [Pκ(λ)]2 → ζ and X ∈ NSJ+κ,λ. Select bijections π : Pκ(λ) → λ and σ : λ × ζ → λ. For x ∈ X , define
fx : x → 2 by: fx(β) = 1 if and only if there is y ⊂ x such that β = σ(π(y), F(y, x)). Pick g : λ→ 2 so that for any α < λ,
{x ∈ X : ∀γ ∈ x ∩ α(fx(γ ) = g(γ )} ∈ NSS+κ,λ.
Put h = {(y, j) ∈ X × ζ : g(σ (π(y), j)) = 1}.
Let us show that h is a function with domain X . Thus let y ∈ X . Set d = {σ(π(y), j) : j < ζ }. Pick α ∈ λ with d ⊆ α.
There must be z ∈ X such that
(a) y ⊂ z,
(b) d ⊆ z, and
(c) fz |(z ∩ α) = g|(z ∩ α).
Then for each j < ζ , fz(σ (π(y), j)) = g(σ (π(y), j)).
By induction on η < λwe define yη ∈ X so that
(1) ζ ∪ π−1(η) ⊆ yη .
(2) yη \ yδ ≠ ∅ for all δ < η.
(3) η ∈ yη .
(4) F(yδ, yη) = h(yδ)whenever δ < η and yδ ⊂ yη .
Suppose yη has been constructed for each η < ξ . Pick e ∈ Pκ(λ) so that ζ ⊆ e and e \ yη ≠ ∅ for every η < ξ . Now select
θ < λ so that {π(yη) : η < ξ} ⊆ θ = σ ‘‘(θ × ζ ). Select t ∈ X so that
(i) {ξ} ∪ e ∪ π−1(ξ) ⊆ t .
(ii) σ(π(yη), j) ∈ t whenever j < ζ and η ∈ t ∩ ξ .
(iii) ft |(t ∩ θ) = g|(t ∩ θ).
Note that if η < ξ is such that yη ⊂ t , then h(yη) = F(yη, t) since ft(σ (π(yη), F(yη, t)) = 1 = g(σ (π(yη), F(yη, t))). We
set yξ = t .
Finally pick T ∈ I+κ,λ so that T ⊆ {yδ : δ < λ} and h is constant on T . Then clearly F is constant on [T ]2. 
Proposition 5.3. Suppose cof(NSSκ,λ) = λ. Then NSJκ,λ = {X ⊆ Pκ(λ) : X −̸→
<
(NSS+κ,λ)2} = {X ⊆ Pκ(λ) : X −̸→
(NSS+κ,λ)2}.
Proof. LetX ⊆ Pκ(λ). Then it is immediate thatX −→ (NSS+κ,λ)2 implies thatX −→
<
(NSS+κ,λ)2.Moreover by Proposition 2.9,
X −→
<
(NSS+κ,λ)2 implies that X /∈ NSJκ,λ. Now suppose X /∈ NSJκ,λ. To show that X −→ (NSS+κ,λ)2, modify the proof of
Proposition 5.2 as follows. Pick Bη ∈ NSSκ,λ for η < λ so that NSSκ,λ = η<λ P(Bη). In the definition of yη , add the
requirement that yη /∈ Bη . This will entail that{yδ : δ < λ} ∈ NSS+κ,λ. Hence T can be selected so that T ∈ NSS+κ,λ. 
Definition. Suppose 2<λ = λ and fix a one-to-one enumeration ⟨uξ : ξ < λ⟩ of the setκ≤α<λ αλ. For κ ≤ α < λ, Dακ,λ
denotes the set of all x ∈ Pκ(λ) with the property that for any f : x ∩ α → x, there is ξ ∈ x such that dom(uξ ) = α and
f = uξ |(x ∩ α). Let Dκ,λ = {x ∈ Pκ(λ) : ∀α ∈ x \ κ (x ∈ Dακ,λ)}.
Proposition 5.4. Assuming 2<λ = λ, the following hold:
(i) If x ∈ Dακ,λ, then |x||x∩α| = |x|.
(ii) Pκ(λ) \ Dακ,λ ∈ NSBα+1κ,λ .
(iii) If Dακ,λ /∈ NSκ,λ, then NBα+1κ,λ = NSκ,λ|Dακ,λ.
(iv) Pκ(λ) \ Dκ,λ ∈ NSBκ,λ.
(v) If Dκ,λ /∈ NSκ,λ, then (κ≤α<λ NBακ,λ)|Dκ,λ = NSκ,λ|Dκ,λ.
Proposition 5.5. Suppose 2<λ = λ. Then NSBκ,λ = NBκ,λ = NShκ,λ.
Proof. By Proposition 3.1, NShκ,λ ⊆ NSBκ,λ ⊆ NBκ,λ. The proof that NBκ,λ ⊆ NShκ,λ is an easy modification of that of
Proposition 4.4. 
Corollary 5.6. Suppose 2<λ = λ. Then for any T ∈ NB+κ,λ, (

κ≤α<λ NB
α
κ,λ)|T ≠ NBκ,λ|T .
Proof. By Propositions 1.14, 5.4 and 5.5. 
Proposition 5.7. Suppose 2<λ = λ and λ is not weakly compact. Then NJκ,λ = NBκ,λ. Moreover, NJκ,λ ∩ P(C) ⊆ NSJκ,λ for
some C ∈ NS∗κ,λ.
Proof. By Propositions 3.3, 5.1 and 5.5. 
Lemma 5.8 (Matet–Shelah [17]). The following are equivalent:
(i) NSSκ,λ|C = Iκ,λ|C for some C ∈ NS∗κ,λ.
(ii) cof(NSκ,µ) ≤ λ for every cardinal µ with κ ≤ µ < λ.
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Proposition 5.9. Suppose 2<λ = λ. Then NSBκ,λ = {X ⊆ Pκ(λ) : X −̸→
<
(NS+κ,λ,NSS
+
κ,λ)
2} = {X ⊆ Pκ(λ) : X ̸ ⊂−→
<
(NS+κ,λ,NSS
+
κ,λ)
2}.
Proof. Let X ⊆ Pκ(λ). If X ∈ NSBκ,λ, then X −̸→
<
(NS+κ,λ,NSS
+
κ,λ)
2 by Proposition 3.5. Trivially, X −̸→
<
(NS+κ,λ,NSS
+
κ,λ)
2
implies that X ̸ ⊂−→
<
(NS+κ,λ,NSS
+
κ,λ)
2. Now assume that X /∈ NSBκ,λ. By Lemma 5.8, there is C ∈ NS∗κ,λ such that NSSκ,λ|C =
Iκ,λ|C . Since X ∩ C /∈ NSBκ,λ, X ∩ C ⊂−→
<
(NS+κ,λ, Iκ,λ)2 by Proposition 3.4. It follows that X
⊂−→
<
(NS+κ,λ,NSS
+
κ,λ)
2. 
Proposition 5.10. Suppose λ is weakly compact. Then NSJκ,λ =

κ≤α<λ NSJ
α
κ,λ and NJκ,λ =

κ≤α<λ NJ
α
κ,λ.
Proof. We prove that NSJκ,λ =

κ≤α<λ NSJ
α
κ,λ and leave the proof of the second equality to the reader.
Fix X ∈ (κ≤α<λ NSJακ,λ)+ and fx : x → 2 for x ∈ X . For κ ≤ α < λ, let Tα be the set of all h ∈ α2 such that
{x ∈ X : h|(x ∩ α) = fx|(x ∩ α)} ∈ (NSακ,λ)+. Set T =

κ≤α<λ

β≤α{h|β : h ∈ Tα}. We define a partial order <T on T by
f <T g ⇐⇒ f ⊂ g . Since X ∈ (NSJακ,λ)+ for every α with κ ≤ α < λ, ⟨T , <T ⟩ forms a λ-tree. Pick a cofinal path P ⊆ T
and let k =  P . It is easy to see that k is a function with dom(k) = λ. Clearly {x ∈ X : k|(x ∩ ξ) = k|(x ∩ ξ)} ∈ (NSξκ,λ)+
for every ξ < λ. 
Proposition 5.11. Suppose λ is weakly compact. Then the following are equivalent:
(i) κ is µ-Shelah for every cardinal µ with κ ≤ µ < λ.
(ii) κ is λ-Shelah.
(iii) NSJκ,λ is proper.
Proof. (i) → (ii) Let fx : x → x for x ∈ Pκ(λ). Let W be the set of all cardinals µ such that κ ≤ µ < λ. By
Lemma 1.15, κ is almost µ-ineffable for every µ ∈ W . For each µ ∈ W , there is by Lemma 1.20 Fµ : µ → µ such
that the set Xµ = {x ∈ Pκ(µ) : Fµ|x = fx} lies in I+κ,µ. By Lemma 0.1, there is G : λ → λ such that for each α < λ,{µ ∈ W \ α : G|α = Fµ|α} = λ. Now fix d ∈ Pκ(λ). Pick α < λ and µ ∈ W \ α so that d ⊆ α and G|α = Fµ|α. There must
be x ∈ Xµ with d ⊆ x. Then clearly G|d = fx|d.
(ii)→ (iii) By Proposition 4.4.
(iii)→ (i) By Proposition 2.2. 
Proposition 5.12. Suppose λ is weakly compact and κ is λ-Shelah. Then
(i) Cκ,λ ∈ NSh∗κ,λ \ NJ∗κ,λ.
(ii) NSJκ,λ|Cκ,λ = NSSκ,λ|Cκ,λ.
(iii) NJκ,λ|Cκ,λ = NSκ,λ|Cκ,λ.
(iv) NJκ,λ|(Pκ(λ) \ Cκ,λ) is nowhere normal.
Proof. By Propositions 4.1–4.3, 5.5 and 5.10. 
Corollary 5.13. Suppose λ is weakly compact and κ is λ-Shelah. Then for every A ∈ NSh+κ,λ, NShκ,λ|A ≠ NJκ,λ|A.
Proof. Suppose otherwise, and select A ∈ NSh+κ,λ so that NShκ,λ|A = NJκ,λ|A. Then by Proposition 5.12, NShκ,λ|(A∩ Cκ,λ) =
NJκ,λ|(A ∩ Cκ,λ) = NSκ,λ|(A ∩ Cκ,λ), which contradicts Proposition 1.14. 
Proposition 5.14. Suppose λ is weakly compact and κ is λ-Shelah. Then for any X ∈ NSJ+κ,λ, there is Y ∈ NSJ+κ,λ ∩ P(X) such
that NSJκ,λ|Y = NSSκ,λ|Y .
Proof. By Proposition 5.12 NSJκ,λ|Cκ,λ = NSSκ,λ|Cκ,λ. Set A = Pκ(λ) \ Cκ,λ. For x ∈ A, let γx = the least γ ∈ x \ κ such that
x /∈ Cγκ,λ. For δ < λ, put Aδ = {x ∈ A : γx ≥ δ}. We claim that Aδ ∈ (NSJκ,λ|A)∗. Suppose otherwise. Then by Proposition 2.3,
{x ∈ A : γx = η} ∈ NSJ+κ,λ for some η < δ. This is a contradiction since by Proposition 4.1 Cηκ,λ ∈ NSJ∗κ,λ.
Let ⟨fξ : ξ < λ⟩ be a one-to-one enumeration of the setκ≤α<λ (α×α)λ. For ξ < λ, let dom(fξ ) = αξ × αξ . Now fix
X ∈ NSJ+κ,λ ∩ P(A). For ξ < λ, pick yξ ∈ X so that
(a) yξ ∩ κ ∈ κ \ {0},
(b) fξ ‘‘((yξ ∩ αξ )× (yξ ∩ αξ )) ⊆ yξ , and
(c) γyξ > ξ .
Put Y = {yξ : ξ < λ}. Note that Y ∈ NSS+κ,λ. Moreover {Y \ Cακ,λ : κ ≤ α < λ} ⊆ Iκ,λ. Let Z ∈ NSS+κ,λ ∩ P(Y ). Then for each
α < λ, Z ∩ Cακ,λ ∈ NSS+κ,λ, so by Proposition 4.1 Z /∈ NSJα+1κ,λ . Hence by Proposition 5.10, Z /∈ NSJκ,λ. 
Corollary 5.15. Suppose λ is weakly compact and κ is λ-Shelah, and let 2 ≤ ζ < κ . Then NSJ+κ,λ −→ (NSJ+κ,λ)2ζ .
Proof. By Propositions 5.3 and 5.14. 
Corollary 5.16. Suppose λ is weakly compact and κ is λ-Shelah. Then NSJκ,λ is nowhere normal.
Proof. Suppose otherwise and select D ∈ NSJ+κ,λ so that NSJκ,λ|D is normal. By Proposition 5.14, there is Y ∈ NSJ+κ,λ ∩ P(D)
such that NSJκ,λ|Y = NSSκ,λ|Y . Then clearly NSSκ,λ|Y is normal since NSJκ,λ|Y = (NSJκ,λ|D)|Y . Hence by a well-known
result (see e.g. [15]), cof(NSSκ,λ|Y ) > λ. This is a contradiction since cof(NSSκ,λ|Y ) ≤ cof(NSSκ,λ) = λ. 
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6. The case κ ≤ cf(λ) < λ
Throughout this section we assume that κ ≤ cf(λ) < λ. Select an increasing continuous sequence ⟨λi : i < cf(λ)⟩ of
cardinals cofinal in λ so that
(a) λ0 = κ , and
(b) if λ is a strong limit cardinal, then 2λi ≤ λi+1 for all i < cf(λ).
Definition. Aκ,λ denotes the set of all a ∈ Pκ(λ) such that
(a) for any i ∈ a ∩ cf(λ), i+ 1 ∈ a and λi ∈ a, and
(b) if i < cf(λ) and α ∈ a are such that λi ≤ α < λi+1, then i+ 1 ∈ a.
The following is easily checked.
Proposition 6.1. (i) Aκ,λ ∈ NS∗κ,λ.
(ii) For any a ∈ Aκ,λ, sup(a) = sup({λi : i ∈ a ∩ cf(λ)}) = λsup(a∩cf(λ)).
(iii) Let J be a seminormal ideal on Pκ(λ) such that Aκ,λ ∈ J∗. Then J is normal.
In particular, NSSκ,λ|Aκ,λ = NSκ,λ. Hence by Lemmas 1.19 and 1.22, NSh+κ,λ −̸→
<
(NSS+κ,λ)2.
Proposition 6.2. (i) Suppose NSJκ,λ is proper. Then Aκ,λ /∈ NSJκ,λ. Moreover, NSJκ,λ|Aκ,λ is strongly normal.
(ii) NJκ,λ is strongly normal.
Proof. We prove (i) and leave the proof of (ii) to the reader. Thus assume NSJκ,λ is proper. Then by Proposition 2.5,
Aκ,λ /∈ NSJκ,λ. Let us now show that NSJκ,λ|Aκ,λ is strongly normal. Thus fix B ∈ (NSJκ,λ|Aκ,λ)+ and f : B → Pκ(λ) with the
property that f (x) < x for all x ∈ B. Let C be the set of all a ∈ Aκ,λ such that cf(sup(a)) ≥ |a ∩ κ|. Then Aκ,λ \ C ∈ NSJκ,λ
by Propositions 2.3 and 6.1. Hence we may find D ∈ NSJ+κ,λ ∩ P(B ∩ C) and σ ∈ λ such that f (a) ⊆ σ for all a ∈ D. It now
follows from Proposition 2.3 that f is constant on H for some H ∈ NSJ+κ,λ ∩ P(D). 
Lemma 6.3 (Matet–Shelah [17]). Suppose cof(NSκ,τ ) ≤ λ for every cardinal τ with κ < τ < λ. Then NSκ,λ = NScf(λ)κ,λ |B for
some B ∈ NS∗κ,λ.
The following is immediate from Lemma 6.3.
Proposition 6.4. Suppose cof(NSκ,τ ) ≤ λ for every cardinal τ with κ < τ < λ. Then
(i) NBκ,λ = NSBκ,λ.
(ii) If NSJκ,λ is proper, then NJκ,λ = NSJκ,λ|Aκ,λ.
Proposition 6.5. Suppose 2<λ = λ and NBκ,λ is proper. Then NBκ,λ = NIκ,λ = NBcf(λ)+1κ,λ |Cκ,λ.
Proof. Clearly, λ is a strong limit cardinal. LetQ and ⟨hξ : ξ ∈ Q ⟩ be as in Section 4. Note that Cκ,λ ∈ NJ∗κ,λ by Proposition 6.2.
Let D ∈ (NBcf(λ)+1κ,λ )+ ∩ P(Cκ,λ) and ta : a → 2 for a ∈ D. For a ∈ D ∩ Aκ,λ, define fa : a ∩ cf(λ) → a ∩ Q so that for any
i ∈ a ∩ cf(λ), dom(hfa(i)) = λi and ta|(a ∩ λi) = hfa(i)|(a ∩ λi). There must be g : cf(λ)→ Q such that the set
W = {a ∈ D ∩ Aκ,λ : ∀i ∈ a ∩ cf(λ)(fa(i) = g(i))}
is stationary. Note that dom(hg(i)) = λi for all i < cf(λ). Moreover, hg(l) = hg(i)|λl whenever l < i < cf(λ). Now put
T =i<cf(λ) hg(i). Then for any a ∈ W , ta =i∈a∩cf(λ) hg(i)|(a ∩ λi) = T |a. 
If 2<λ = λ, then by Propositions 4.4 and 6.5,
NJκ,λ ⊆ NShκ,λ ⊆ NAIκ,λ ⊆ NIκ,λ = NBκ,λ.
Suppose κ is λ-ineffable and λ = κ+κ . Set
B = {a ∈ Eκ,λ : a ∩ κ is not |a|<(a∩κ)-ineffable}.
C = {a ∈ Eκ,λ : a ∩ κ is almost |a|<(a∩κ)-ineffable}.
D = {a ∈ Eκ,λ : |a| = (a ∩ κ)+(a∩κ)}.
Then by Lemma 1.21 and a result of [14], B ∈ NI+κ,λ, C ∈ NI∗κ,λ, and D ∈ NSh∗κ,λ. Letting a be an arbitrary member of B∩C ∩D,
put κ ′ = a ∩ κ and λ′ = (a ∩ κ)+(a∩κ). Then cf(λ′) = κ ′, and κ ′ is almost λ′-ineffable (and hence λ′-Shelah) but not
λ′-ineffable. Note that if the GCH is assumed, then by Proposition 6.5, NBκ ′,λ′ is improper.
We do not know whether Proposition 5.2 remains valid in the case when κ ≤ cf(λ) < λ. One way around this difficulty
is to consider the following variation of NSJκ,λ.
Definition. NHJκ,λ is the set of all X ⊆ Pκ(λ) for which one can find fx : x → 2 for x ∈ X so that for every g : λ→ 2, there
isW ⊆ λwith |W | < λ such that {x ∈ X : ∀γ ∈ x ∩W (fx(γ ) = g(γ )} ∈ξ<λ NSξκ,λ.
The letter H in the above definition stands for hemi. Note that the definition alsomakes sense in case cf(λ) < κ or cf(λ) = λ,
but clearly in the latter case NHJκ,λ = NSJκ,λ.
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Proposition 6.6. (i) NHJκ,λ is a (possibly improper) seminormal ideal on Pκ(λ).
(ii) NSJκ,λ ⊆ NHJκ,λ ⊆ NIκ,λ.
(iii) Let 2 ≤ ζ < κ . Then NHJ+κ,λ −→ (I+κ,λ)2ζ .
Proof. (i) The proof is similar to that of Proposition 2.3.
(ii) Trivial.
(iii) The proof is a straightforward modification of that of Proposition 5.2. 
7. The case cf(λ) < κ
Throughout this section it is assumed that cf(λ) < κ .
Since cf(λ) < κ , every seminormal ideal on Pκ(λ) is normal. In particular NSSκ,λ = NSκ,λ. The following is now
immediate.
Proposition 7.1. NSJκ,λ and NJκ,λ are normal.
Corollary 7.2. Suppose λ is a strong limit cardinal. Then NSJκ,λ = NJκ,λ.
Proof. By Corollary 4.6 and Proposition 7.1. 
Proposition 7.3. Suppose λ is a strong limit cardinal, cf(λ) = ω, and Cκ,λ /∈ NSκ,λ. Then NJκ,λ = NSκ,λ|Cκ,λ.
Proof. By Propositions 4.1 and 7.1, NSκ,λ|Cκ,λ ⊆ NSJκ,λ. Now fix A ∈ NS+κ,λ ∩ P(Cκ,λ) and fx : x → 2 for x ∈ A. Let Q and
⟨hξ : ξ ∈ Q ⟩ be as in Section 4. By induction define Ai ∈ NS+κ,λ and ξi ∈ Q for i < ω so that
(a) A0 is the set of all x ∈ A such that {λi : i < ω} ⊆ x.
(b) Ai+1 ⊆ Ai and for any x ∈ Ai+1, dom(hξi) = λi and fx|(x ∩ λi) = hξi |(x ∩ λi).
Set g =i<ω hξi . Then clearly for any ξ < λ, {x ∈ A : ∀γ ∈ x ∩ ξ (fx(γ ) = g(γ ))} ∈ NS+κ,λ. Thus A ∈ NJ+κ,λ. 
Corollary 7.4. Suppose λ is a strong limit cardinal, cf(λ) = ω, and NJκ,λ is proper. Then NJκ,λ is nowhere strongly normal.
Proof. Let A ∈ NJ+κ,λ. Then by Proposition 7.3 cof(NJκ,λ|A) ≤ cof(NSκ,λ) ≤ 2λ = λℵ0 , so by Lemma 1.4 (ii), NS[λ]
<κ
κ,λ \
(NJκ,λ|A) ≠ ∅. 
Proposition 7.5. Suppose 2<λ ≤ λ<κ . Then NSBκ,λ = NCIκ,λ.
Proof. Let ⟨fe : e < Pκ(λ)⟩ be an enumeration of the setκ≤α<λ α2. For κ ≤ α < λ, let Dα be the set of all x ∈ Pκ(λ) such
that for any g : x∩α → 2, there is e < x such that dom(fe) = α and fe|(x∩α) = g . It is simple to see that Pκ(λ)\Dα ∈ NSJα+1κ,λ .
Pick an increasing sequence ⟨λi : i < cf(λ)⟩ of cardinals greater than or equal to κ cofinal in λ. Put D =i<cf(λ) Dλi . It is not
difficult to check that if D /∈ NS[λ]<κκ,λ , then NS[λ]
<κ
κ,λ |D = NCIκ,λ. 
Thus if 2<λ ≤ λ<κ , then NSBκ,λ = NBκ,λ.
As will be seen below (in Proposition 7.14), it is consistent relative to a large cardinal that ‘‘κ is completely λ-ineffable
but Pκ(λ) −→
<
(NS+κ,λ)2 does not hold’’. One way around this difficulty is to work with variants of NSBκ,λ and NBκ,λ. We
need to introduce some notation.
Let p : Pκ(λ<κ)→ Pκ(λ) be defined by p(x) = x ∩ λ.
For γ < λ, let zγ = {γ }. Let ⟨zβ : λ ≤ β < λ<κ⟩ be a one-to-one enumeration of the set Pκ(λ) \ {{γ } : γ < λ}. Define
t : Pκ(λ)→ Pκ(λ<κ) by t(a) = {α < λ<κ : zα < a}. Let Y be the set of all x ∈ Eκ,λ<κ such that x = t(x∩ λ) and t(e) < x for
every e < x ∩ λ. Note that Y ∈ (NS[λ<κ ]<κκ,λ<κ )∗.
Proposition 7.6. Suppose A is in (p(NSBκ,λ<κ ))+ (respectively, (p(NBκ,λ<κ ))+), and F : Pκ(λ)× Pκ(λ)→ η, where 2 ≤ η < κ .
Then there is Q ⊆ A such that either Q is in NS+κ,λ (respectively, (NS[λ]
<κ
κ,λ )
+) and F is identically 0 on [Q ]2<, or Q is in I+κ,λ and F
is identically i on [Q ]2 for some i > 0.
Proof. Define G : [Pκ(λ<κ)]2 → η by G(x1, x2) = F(x1 ∩ λ, x2 ∩ λ). By Proposition 3.4, there is T ⊆ Y ∩ p−1(A) such
that either T is in NSS+κ,λ<κ , (respectively, NS
+
κ,λ<κ ) and G takes the constant value 0 on [T ]2<, or T is in I+κ,λ<κ and G takes the
constant value i on [G]2 for some i > 0. Then Q = p‘‘T is as desired. 
Note that by Proposition 3.3 NBκ,λ<κ = NJκ,λ<κ .
Definition. NSB[λ]
<κ
κ,λ (respectively, NB
[λ]<κ
κ,λ ) denotes the set of all A ⊆ Pκ(λ) for which one can find fa : P|a∩κ|(a)→ P|a∩κ|(a)
for a ∈ A so that for any g : Pκ(λ)→ Pκ(λ), there isW ⊆ Pκ(λ)with |W | < λ<κ such that the set
{a ∈ A : ∀e ∈ W ∩ P|a∩κ|(a)(fa(e) = g(e))}
lies in NSκ,λ (respectively, NS
[λ]<κ
κ,λ ).
The following is easily verified.
Proposition 7.7. (i) NSB[λ]
<κ
κ,λ and NB
[λ]<κ
κ,λ are (possibly improper) ideals on Pκ(λ).
(ii) NIκ,λ ⊆ NSB[λ]<κκ,λ ⊆ NB[λ]
<κ
κ,λ .
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Proposition 7.8. (i) p(NSBκ,λ<κ ) = NSB[λ]<κκ,λ .
(ii) p(NBκ,λ<κ ) = NB[λ]<κκ,λ .
Proof. We prove (i) and leave the proof of (ii) to the reader. Let us first show that NSB[λ]
<κ
κ,λ ⊆ p(NSBκ,λ<κ ). Fix A ⊆ Pκ(λ)
and fa : P|a∩κ|(a) → P|a∩κ|(a) for a ∈ A. Suppose X /∈ NSBκ,λ<κ , where X = p−1(A). Then κ is λ<κ -mildly ineffable and
therefore λ<κ = λ+. For x ∈ X ∩ Y , define hx : x → x by zhx(α) = fx∩λ(zα). Select k : λ<κ → λ<κ so that for each ξ < λ<κ ,
the set Tξ = {x ∈ X ∩ Y : ∀γ ∈ x ∩ ξ(hx(γ ) = k(γ ))} lies in NSS+κ,λ<κ . Define g : Pκ(λ) → Pκ(λ) by g(zα) = zk(α). Then
clearly, fx∩λ(zγ ) = g(zγ )whenever γ < ξ < λ<κ , x ∈ Tξ and zγ < x ∩ λ. Moreover, p‘‘Tξ ∈ NS+κ,λ for every ξ < λ<κ .
It remains to show that p(NSBκ,λ<κ ) ⊆ NSB[λ]<κκ,λ . Thus let A ∈ (NSB[λ]
<κ
κ,λ )
+ and hx : x → x for x ∈ p−1(A). Note that
A ∈ NI+κ,λ, and λ<κ = λ+. For each η < λ<κ , pick a bijection πη : |η| → η. Let D be the set of all a ∈ Pκ(λ) such that
(a) a ∩ κ is a regular uncountable cardinal, and
(b) π−1η (σ ) ∈ awhenever σ < η < λ<κ , zσ < a and zη < a.
Then D ∈ (NS[λ]<κκ,λ )∗ and consequently A∩D ∈ (NSB[λ]
<κ
κ,λ )
+. For a ∈ A∩D, define fa : Pa∩κ(a)→ Pa∩κ(a) by fa(zα) = zht(a)(α).
Select g : Pκ(λ)→ Pκ(λ) so that for anyW ⊆ Pκ(λ)with |W | < λ<κ , {a ∈ A∩D : ∀e ∈ W ∩Pa∩κ(a)(fa(e) = g(e))} ∈ NS+κ,λ.
Define k : λ<κ → λ<κ by zk(α) = g(zα).
Now fix ξ < λ<κ . Set T = {a ∈ A ∩ D : ∀α < ξ (zα < a ⇒ fa(zα) = g(zα))} and Q = t ‘‘T . Then clearly Q ⊆ p−1(A).
Moreover, hx(α) = k(α) for every x ∈ Q and every α ∈ x ∩ ξ . It remains to prove that Q ∈ NSS+κ,λ<κ . Thus fix η with
κ ≤ η < λ<κ and r : η × η→ λ<κ . Let B be the set of all a ∈ Pκ(λ) such that
(1) zη < a, and
(2) zr(πη(θ1),πη(θ2)) < awhenever θ1, θ2 ∈ a ∩ |η|.
Note that B ∈ NS∗κ,λ. It is simple to see that r(σ1, σ2) ∈ t(a)whenever a ∈ T ∩ B and σ1, σ2 ∈ t(a) ∩ η. 
Proposition 7.9. Let A ⊆ Pκ(λ) be such that A −→
<
(NS+κ,λ)2. Then A /∈ NSB[λ]
<κ
κ,λ .
Proof. Clearly κ is λ-ineffable, so λ<κ = λ+, andµ<κ < λ for every cardinalµwith κ ≤ µ < λ. Fix an increasing sequence
⟨λi : i < cf(λ)⟩ of cardinals greater than or equal to κ cofinal in λ, and a bijection ϕ : i<cf(λ) Pκ(λi) → λ. For α < λ+,
select a one-to-one function πα : α → λ. Let D be the set of all a ∈ Pκ(λ) such that
(α) a ∩ κ is a regular cardinal greater than cf(λ),
(β) ϕ(u ∩ λi) ∈ a for every u < a and every i < cf(λ), and
(γ ) πα(ζ ) ∈ awhenever ζ < α < λ+, zζ < a and zα < a.
Since D ∈ (NS[λ]<κκ,λ )∗, A ∩ D −→
<
(NS+κ,λ)2 by Proposition 1.24.
Let fa : P|a∩κ|(a) → P|a∩κ|(a) for a ∈ A. For a ∈ A ∩ D and i < cf(λ), define hia : Pa∩κ(a) → a by hia(e) = ϕ(λi ∩ fa(e)).
Define F : (A ∩ D)× (A ∩ D)→ 2 by: F(a0, a1) = 1 just in case a0 < a1 and one can find α < λ+ and i < cf(λ) so that
(1) z0 < a0.
(2) hia0(zα) > h
i
a1(zα).
(3) hja0(zα) = hja1(zα) for all j < i.
(4) hja0(zβ) = hja1(zβ)whenever β < α, j < i and zβ < a0.
Pick H ∈ NS+κ,λ ∩ P(A ∩ D) so that F is constant on [H]2<. Using induction we define σ iα ∈ λ and Biα ∈ NSκ,λ for α < λ+
and i < cf(λ) so that for every a ∈ H \ Biα , zα < a and hia(zα) = σ iα . Suppose σ jζ and Bjζ have already been constructed for
each (j, ζ ) ∈ (cf(λ) × α) ∪ (i × {α}). Let Tα be the set of all a ∈ Pκ(λ) with the property that there is ζ ∈ α and j ∈ cf(λ)
such that πα(ζ ) ∈ a and a ∈ Bjζ . Set T ′α = Tα ∪{a ∈ Pκ(λ) : α /∈ a}∪ (Pκ(λ)\ {a ∈ Pκ(λ) : zα < a}) and Riα = T ′α ∪ (

j<i B
j
α).
Note that Riα ∈ NSκ,λ. For θ ∈ λ, put Wθ = {a ∈ H \ Riα : hia(zα) = θ}. Since H \ Riα ∈ NS+κ,λ, there is ξ ∈ λ such that
Wξ ∈ NS+κ,λ. We claim that H \ (Riα ∪ Wξ ) ∈ NSκ,λ. Suppose otherwise. Set L0 =

θ<ξ Wθ and L1 =

ξ<θ<λWθ . Pick
q ∈ {0, 1} so that Lq is stationary. Select a0, a1, a2, a3 so that {a0, a2} ⊆ Wξ , {a1, a3} ⊆ Lq, a0 < a1 and a2 < a3. For each
s ∈ {0, 1, 2, 3}, as ∈ H \ T ′α , so zα < aζ and hjas(zζ ) = σ jζ for all j < cf(λ) and all ζ < α such that zζ < as. Moreover
as ∈ H \ (j<i Bjα) and therefore hjas(zα) = σ jα for every j < i. If follows that F(a0, a1) ≠ F(a2, a3). Contradiction. Now set
σ iα = ξ and Biα = Riα ∪ (

θ∈λ\{ξ}Wθ ).
Finally define g : Pκ(λ)→ Pκ(λ) by g(zζ ) =j<cf(λ) ϕ−1(σ jζ ). Then clearly for each α < λ+,
H \ T ′α ⊆ {a ∈ A : ∀ζ < α(zζ < a ⇒ fa(zζ ) = g(zζ )}. 
Proposition 7.10. Let 2 ≤ ζ < κ . Then (p(NSJκ,λ<κ ))+ −→ (I+κ,λ)2ζ .
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Proof. Fix A ∈ (p(NSJκ,λ<κ ))+ and F : Pκ(λ) × Pκ(λ) → ζ . Note that λ<κ = λ+ since κ is mildly λ<κ -ineffable.
Pick bijections π : Pκ(λ) → λ+ and σ : λ+ × ζ → λ+. Let W be the set of all x ∈ Pκ(λ+) such that ζ ⊆ x and
{η < λ+ : π−1(η) < x} ⊆ x. Note thatW ∈ NSJ∗
κ,λ+ by Proposition 2.3. Set X = W ∩ p−1(A). For x ∈ X , define fx : x → 2
by: fx(β) = 1 just in case there is a ⊂ x ∩ λ such that β = σ(π(a), F(a, x ∩ λ)). Pick g : λ+ → 2 so that for any α < λ+,
{x ∈ X : fx|(x∩α) = g|(x∩α)} ∈ NSS+κ,λ+ . Set h = {(a, j) ∈ (p‘‘X)×ζ : g(σ (π(a), j)) = 1}. As in the proof of Proposition 5.2,
h can be shown to be a function with domain p‘‘X .
By induction on η < λ+, we define yη ∈ X so that
(1) π−1(η) < yη .
(2) (yη ∩ λ) \ (yδ ∩ λ) ≠ ∅ for all δ < η.
(3) F(yδ ∩ λ, yη ∩ λ) = h(yη ∩ λ)whenever δ < η and yδ ∩ λ ⊂ yη .
Suppose yη has already been defined for each η < ξ . Pick e ∈ Pκ(λ) so that e \ yη ≠ ∅ for every η < ξ . Pick θ < λ+ so that
{π(yη ∩ λ) : η < ξ} ⊆ θ = σ ‘‘(θ × ζ ). Now select t ∈ X so that
(i) e ⊆ t ,
(ii) π−1(ξ) < t ,
(iii) {σ(π(yη ∩ λ), j) : j < ζ } ⊆ t for all η ∈ t ∩ ξ , and
(iv) ft |(t ∩ θ) = g|(t ∩ θ).
For each η < ξ with yη ∩λ ⊂ t , ft(σ (π(yη ∩λ), F(yη ∩λ, t ∩λ))) = 1 = g(σ (π(yη ∩λ), F(yη ∩λ, t ∩λ))) and therefore
F(yη ∩ λ, t ∩ λ) = h(yη ∩ λ). We let yξ = t .
Put H = {p(yδ) : δ < λ+}. Clearly H ∈ I+κ,λ ∩ P(A). Moreover, F(a1, a2) = h(a1) for all a1, a2 ∈ H with a1 ⊂ a2. Hence
there is R ∈ I+κ,λ ∩ P(H) such that F is constant on [R]2. 
Lemma 7.11. p(NSJκ,λ<κ ) is strongly normal.
Proof. By Proposition 2.3 NSJκ,λ<κ is [λ]<κ -normal. 
Lemma 7.12 (Matet–Péan–Shelah [16]). Suppose that 2<λ ≤ λ<κ and ρ<κ < λ for every cardinal ρ with κ ≤ ρ < λ. Then
NS[λ]
<cf(λ)
κ,λ |A = Iκ,λ|A for some A ∈ (NS[λ]
<κ
κ,λ )
∗.
Proposition 7.13. Suppose 2<λ ≤ λ<κ . Then p(NSJκ,λ<κ ) = p(NSBκ,λ<κ ) = {X ⊆ Pκ(λ) : X −̸→
<
(NS+κ,λ)2} = {X ⊆ Pκ(λ) :
X −̸→ ((NS[λ]<cf(λ)κ,λ )+)2}.
Proof. Let X ⊆ Pκ(λ). Trivially, X ∈ p(NSJκ,λ<κ ) ⇒ X ∈ p(NSBκ,λ<κ ), and X −̸→
<
(NS+κ,λ)2 ⇒ X −̸→ ((NS[λ]
<cf(λ)
κ,λ )
+)2.
Moreover, X ∈ p(NSBκ,λ<κ ) ⇒ X −̸→
<
(NS+κ,λ)2 by Propositions 7.8 and 7.9. Now suppose X /∈ p(NSJκ,λ<κ ). Then by
Proposition 2.2 κ is mildly λ<κ -ineffable so by Lemma 1.5 ρ<κ ≤ ρ+ for every cardinal ρ with κ ≤ ρ < λ. Hence
by Lemma 7.12, there is A ∈ (NS[λ]<κκ,λ )∗ such that NS[λ]
<cf(λ)
κ,λ |A = Iκ,λ|A. By Lemma 7.11, X ∩ A /∈ p(NSJκ,λ<κ ), so by
Proposition 7.10, X ∩ A −→ (I+κ,λ)2. Hence X −→ ((NS[λ]
<cf(λ)
κ,λ )
+)2. 
Proposition 7.14. Suppose 2λ = λ+ and κ is λ<κ -Shelah. Then Z /∈ p(NSBκ,λ<κ ), where Z is the set of all a ∈ Eκ,λ such that
(a) a ∩ κ is completely |a|-ineffable,
(b) cf(|a|) < a ∩ κ ,
(c) NSBa∩κ,|a|<(a∩κ) is not proper.
Proof. First observe that by Proposition 5.5 NSBκ,λ<κ = NShκ,λ<κ . Let D be as in the proof of Proposition 7.5, and set
W = {a ∈ Eκ,λ : D ∩ Pa∩κ(a) /∈ NS[a]<(a∩κ)a∩κ,a }. Since D ∈ NSB∗κ,λ, W ∈ (p(NSBκ,λ<κ ))∗ by Lemma 1.18. It is simple to see
that a ∩ κ is completely |a|-ineffable for every a ∈ W .
Put X = {x ∈ Eκ,λ<κ : |x| = |x ∩ λ|+ and cf(|x ∩ λ|) = cf(λ) < x∩κ} andH = {x ∈ Eκ,λ<κ : NSBx∩κ,x is not proper}. Then
X ∈ NSB∗κ,λ<κ by Lemma 1.8. Moreover H ∈ NSB+κ,λ<κ by Proposition 3.1. Clearly,W ∩p‘‘(X ∩H) ⊆ {a ∈ Eκ,λ : NSBa∩κ,|a|<a∩κ
is not proper}. 
If 2<λ ≤ λ<κ , then by Proposition 7.6 and Lemma 7.12,
(p(NBκ,λ<κ ))+
⊂−→
<
((NS[λ]
<κ
κ,λ )
+, (NS[λ]
<cf(λ)
κ,λ )
+)2.
In view of Lemma 1.22, it is interesting to note that NBκ,λ<κ may be proper without κ being λ<κ -ineffable.
Proposition 7.15. Suppose 2<λ = λ, 2λ = λ+ and κ is λ<κ -ineffable. Then W /∈ p(NIκ,λ<κ ), where W is the set of all a ∈ Eκ,λ
such that
(a) NBa∩κ,|a|<(a∩κ) is proper,
(b) cf(|a|) < a ∩ κ , and
(c) a ∩ κ is not |a|<a∩κ -ineffable.
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Proof. Let X be as in the proof of Proposition 7.14, and put
A = {a ∈ Pκ(λ) : |a| is a strong limit cardinal},
B = {a ∈ Eκ,λ : a ∩ κ is almost |a|<a∩κ -ineffable},
C = {a ∈ Eκ,λ : a ∩ κ is not |a|<a∩κ -ineffable}.
Note that A ∩ B ∩ C /∈ p(NIκ,λ<κ ) by Lemmas 1.8 and 1.21. Hence D /∈ p(NIκ,λ<κ ), where D = (A ∩ B ∩ C) ∩ p‘‘X . Note that
for any a ∈ D, 2|a| = |a|+ and therefore by Proposition 5.5, NBa∩κ,|a|<a∩κ = NSha∩κ,|a|<a∩κ . It easily follows that D ⊆ W . 
8. Very strong normality
It is simple to see that an ideal J on Pκ(λ) is strongly normal if and only if given X ∈ J+, α ∈ κ and fx : x ∩ α → x for
x ∈ X , there is g : α → λ such that {x ∈ X : fx = g|(x ∩ α)} ∈ J+.
Definition. An ideal J on Pκ(λ) is very strongly normal if given X ∈ J+, α ∈ λ and fx : x∩α → x for x ∈ X , there is g : α → λ
such that {x ∈ X : fx = g|(x ∩ α)} ∈ J+.
Proposition 8.1. Let J be an ideal on Pκ(λ) such that NSκ,λ ⊆ J and J+ −→
<
(J+, (

ζ<λ NS
ζ
κ,λ)
+)2. Then J is very strongly
normal.
Proof. Let X ∈ J+, β ∈ λ, and fx : x ∩ β → x for x ∈ X . Define F : [X]2< → 2 by F(y, x) = 1 just in case there is α ∈ y such
that fy(α) ≠ fx(α), and for the least such α, fy(α) > fx(α). There is H ⊆ X and i < 2 such that
(a) F takes the constant value i on [H]2<, and
(b) H ∈ J+ if i = 0, and H ∈ (ζ<λ NSζκ,λ)+ otherwise.
By the proof of Proposition 3.5, we may find σγ < λ and Bγ ∈ NSγκ,λ for γ < β so that for any x ∈ H \ Bγ , γ ∈ x and
fx(γ ) = σγ . Define g : β → λ by g(γ ) = σγ , and set C = {x ∈ Pκ(λ) : ∀γ ∈ x ∩ β (x /∈ Bγ )}. Then clearly C ∈ (NSβκ,λ)∗.
Moreover, fx = g|(x ∩ β) for every x ∈ H ∩ C . Hence i = 0, and therefore H ∈ J+. 
A straightforward modification of the proof of Proposition 3.4 yields the following:
Proposition 8.2. Suppose cf(λ) ≥ κ and J is a very strongly normal ideal extending NShκ,λ. Then J+ ⊂−→
<
(J+, I+κ,λ)2.
Proposition 8.3. Let µ = λ<λ, and let p : Pκ(µ)→ Pκ(λ) be defined by p(x) = x ∩ λ. Further let J be a normal ideal on Pκ(µ)
extending NShκ,µ. Then p(J) is a very strongly normal ideal extending NShκ,λ.
Proof. It is easy to see that NShκ,λ ⊆ p(J). Let ⟨hξ : ξ < µ⟩ be a one-to-one enumeration ofα<λ αλ. Let D be the set of all
x ∈ Pκ(µ) such that for any α ∈ x ∩ λ and f : x ∩ α → x ∩ λ, there is ξ ∈ x such that dom(hξ ) = α and f = hξ |(x ∩ α). By
Proposition 1.16, D ∈ NSh∗κ,µ, so D ∈ J∗.
Fix X ∈ (p(J))+, α < λ, and fx : x ∩ α → x for x ∈ X . Let Y = {y ∈ D : α ∈ y ∩ λ ∈ X}. Then Y ∈ J+. For each y ∈ Y , fix
ξy ∈ y such that dom(hξy) = α and fy∩λ = hξy |(y∩ α). Since J is normal, there is ξ < µ such that {y ∈ Y : ξy = ξ} ∈ J+. Let
Z = {y ∩ λ : y ∈ Y and ξy = ξ}. Clearly Z ∈ J+ and fx = hξ |(x ∩ α) for all x ∈ Z . 
Corollary 8.4. Suppose κ is 2κ -Shelah. Then there is a very strongly normal ideal K on Pκ(κ+) such that K+
⊂−→
<
(K+, I+
κ,κ+)
2.
Definition. An ideal J on Pκ(λ) is completely B if given X ∈ J+ and fx : x → x for x ∈ X , there is g : λ → λ such that
{x ∈ X : fx|(x ∩ α) = g|(x ∩ α)} ∈ J+ for every α < λ.
If J is a completely B ideal on Pκ(λ), then clearly J is very strongly normal, and moreover NBκ,λ ⊆ J .
We will now characterize completely B ideals on Pκ(λ) in the case when λ<λ = λ. We need some preparation.
Definition. Let J be an ideal on Pκ(λ). We let PλJ denote the set of allW ⊆ J+ with |W | ≤ λ such that
(i) A ∩ B ∈ J for any two distinct members A, B ofW , and
(ii) for any C ∈ J+, there is A ∈ W with A ∩ C ∈ J+.
J is (λ, λ)-WC if whenever A ∈ J+ andWα ∈ PλJ|A for α < λ, there is h ∈
∏
α<λWα such that

α∈d h(α) ∈ (J|A)+ for every
d ∈ Pκ(λ) \ {∅}.
Lemma 8.5 (Johnson [9]). (i) Let J be a normal (λ, λ)-WC ideal on Pκ(λ). Then NShκ,λ ⊆ J .
(ii) Suppose cf(λ) ≥ κ , and let J be a normal ideal on Pκ(λ) with NShκ,λ ⊆ J . Then J is (λ, λ)-WC.
Lemma 8.6. Suppose λ<λ = λ, and let J be a very strong normal, (λ, λ)-WC ideal on Pκ(λ). Then J is completely B.
Proof. Fix X ∈ J+, and fx : x → x for x ∈ X . For α < λ, set Ag = {x ∈ X : fx|(x ∩ α) = g|(x ∩ α)} for every g : α → λ, and
Wα = {Ag : g : α → λ} ∩ J+. Since {Wα : α < λ} ⊆ PλJ|X , we may find gα : α → λ for α < λ such that

α∈d Agα ∈ J+ for
every d ∈ Pκ(λ) \ {∅}. Set g =α<λ gα . Then clearly, Agα ⊆ {x ∈ X : fx|(x ∩ α) = g|(x ∩ α)} for every α < λ. 
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Proposition 8.7. Suppose λ<λ = λ, and let J be an ideal on Pκ(λ). Then the following are equivalent:
(i) J is completely B.
(ii) J is normal and NShκ,λ ⊆ J .
(iii) J is normal and (λ, λ)-WC.
(iv) NSκ,λ ⊆ J and J+ −→
<
(J+, I+κ,λ)2.
(v) NSκ,λ ⊆ J and J+ −→
<
(J+,NSS+κ,λ)2.
Proof. (i)→ (ii) Clear.
(ii)↔ (iii) By Lemma 8.5.
(ii)→ (iv) By Propositions 8.2 and 8.3.
(iv)→ (v) By Lemma 5.8.
(v)→ (i) Suppose NSκ,λ ⊆ J and J+ −→
<
(J+,NSS+κ,λ)2. Then J is very strongly normal by Proposition 8.1. Moreover,
NShκ,λ ⊆ J by Propositions 3.1(i) and 3.5. Hence J is (λ, λ)-WC by Lemma 8.5(ii). It now follows from Lemma 8.6 that J is
completely B. 
Proposition 8.8. Suppose cf(λ) < κ and J is a very strongly normal ideal on Pκ(λ<κ) extending NShκ,λ<κ . Let p : Pκ(λ<κ) →
Pκ(λ) be defined by p(x) = x ∩ λ. Then
(a) p(J) is strongly normal, and
(b) (p(J))+ ⊂−→
<
((p(J))+, I+κ,λ)2.
Proof. To show (a) (respectively, (b)), proceed as in the proof of Proposition 8.3 (respectively, 7.6). 
Corollary 8.9. Suppose cf(λ) < κ and 2λ = λ+. Then
(NSh[λ]
<κ
κ,λ )
+ ⊂−→
<
((NSh[λ]
<κ
κ,λ )
+, (NS[λ]
<cf(λ)
κ,λ )
+)2.
Note that if cf(λ) < κ and 2λ = λ+, then by Proposition 5.5 NShκ,λ<κ = NBκ,λ<κ , so by Proposition 7.8 NSh[λ]<κκ,λ =
NB[λ]
<κ
κ,λ .
Lemma 8.10 (Folklore). Let J be an ideal on Pκ(λ). Consider the following assertions:
(i) J is normal and J+ −→
<
(J+)2.
(ii) Given A ∈ J+ and ta : a → 2 for a ∈ A, there is g : λ→ 2 such that {a ∈ A : ta = g|a} ∈ J+.
(iii) Given A ∈ J+ and ta : a → a for a ∈ A, there is g : λ→ λ such that {a ∈ A : ta = g|a} ∈ J+.
Then (i)⇒ (ii)⇒ (iii). Moreover, (iii)⇒ (i) in case cf(λ) ≥ κ .
It is immediate from Lemma 8.10 that NCIκ,λ is completely B.
Definition. Let J be an ideal on Pκ(λ). We let Q λJ denote the set of all W ∈ PλJ such that A ∩ B = ∅ for any two distinct
members A, B ofW .
Lemma 8.11 (Johnson [9]). Let J be a seminormal ideal on Pκ(λ), and let W ∈ PλJ . Then there is Z ∈ Q λJ such that Z ⊆
A∈W P(A).
Proposition 8.12. Suppose cf(λ) = ω, and let J be a very strongly normal ideal on Pκ(λ). Then J is completely B.
Proof. Let X ∈ J+, and fx : x → x for x ∈ X . For α < λ, set Ag = {x ∈ X : fx|(x ∩ α) = g|(x ∩ α)} for every g : α → λ, and
Wα = {Ag : g : α → λ}∩ J+. By Lemma 8.11, wemay find Zα ∈ Q λJ|X for α < λ such that Zα ⊆

A∈Wα P(A). Let ⟨αn : n < ω⟩
be an increasing sequence of infinite ordinals with supremum λ. For n < ω, set Tn = {m≤n h(m) : h ∈ ∏m≤n Zαm} ∩ J+.
Note that Tn ∈ Q λJ|X . Now pick y ∈

n<ω(

Tn). There must be k ∈ ∏n<ω Tn such that y ∈ n<ω k(n). For n < ω, let
un ∈ ∏m≤n Wαm be such that k(n) ⊆ m≤n un(m), and let gn : αn → λ be such that un(m) = Agn . Finally, set g = n<ω gn.
Then clearly for any n < ω, Ag|αn ∈ J+. 
Corollary 8.13. Suppose that cf(λ) = ω, 2λ ≤ λ<κ and there is a very strongly normal ideal on Pκ(λ). Then the smallest such
ideal is NCIκ,λ.
Proof. By Propositions 7.5 and 8.12. 
Proposition 8.14. Suppose κ ≤ cf(λ) < λ = 2<λ and J is a very strongly normal ideal on Pκ(λ). Then J+ −→
<
(J+)2.
Proof. Let ⟨λi : i < cf(λ)⟩ be as in Section 6. Let ⟨hξ : ξ < λ⟩ be a one-to-one enumeration ofi<cf(λ) λi2. Let D be the set of
all x ∈ Aκ,λ such that given i ∈ x ∩ cf(λ) and f : x ∩ λi → 2, there exists ξ ∈ x such that dom(hξ ) = λi and f = hξ |(x ∩ λi).
Since J is very strongly normal, it is easy to check that D ∈ J∗.
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Let A ∈ J+∩P(D) and tx : x → 2 for x ∈ A. For x ∈ A, define fx : x∩cf(λ)→ x so that for each i ∈ x∩cf(λ), dom(hfx(i)) = λi
and tx|(x ∩ λi) = hfx(i)|(x ∩ λi). There is g : cf(λ)→ λ such that {x ∈ A : g|(x ∩ cf(λ)) = fx} ∈ J+. Let s =

i<cf(λ) hg(i). It is
simple to see that s is a function from λ to 2. Moreover, {x ∈ A : g|(x ∩ cf(λ)) = fx} ⊆ {x ∈ A : s|x = tx}. 
Corollary 8.15. Suppose κ ≤ cf(λ) < λ = 2<λ and there is a very strongly normal ideal on Pκ(λ). Then the smallest such ideal
is NCIκ,λ.
Proof. By Lemma 8.10 and Proposition 8.14. 
We conclude this section with the following easy observation.
Proposition 8.16. Suppose J is a very strongly normal ideal on Pκ(µ), where µ > λ is a cardinal. Let p : Pκ(µ) → Pκ(λ)
be defined by p(x) = x ∩ λ. Then given A ∈ (p(J))+ and ta : a → a for a ∈ A, there is g : λ → λ such that
{a ∈ A : ta = g|a} ∈ (p(J))+.
9. The case [Z]2< = [Z]2
Definition. ρλ denotes the largest strong limit cardinal µ such that µ ≤ λ.
Note that if κ is λ-Shelah, then by Lemma 1.15 κ is τ -supercompact for every cardinal τ with κ ≤ τ < ρλ.
Definition. Let τ be an infinite cardinal. We define ψ(τ, δ) by induction on δ ∈ On by
(i) ψ(τ, 0) = τ ,
(ii) ψ(τ, δ + 1) = 2ψ(τ,δ), and
(iii) ψ(τ, δ) =γ<δ ψ(τ, γ ) if δ is an infinite limit ordinal.
Note that if δ is an infinite limit ordinal, then ψ(τ, δ) is a strong limit cardinal of cofinality cf(δ).
Definition. nλ denotes the unique p ∈ ω such that ψ(ρλ, p) ≤ λ < ψ(ρλ, p+ 1).
Lemma 9.1. Suppose κ is λ-Shelah and κ is the greatest Mahlo cardinal less than or equal to λ. Then there is A ∈ NSh∗κ,λ such
that a < b for all a, b ∈ A with a ∩ ψ(ρλ, nλ) ⊂ b ∩ ψ(ρλ, nλ).
Proof. By Lemma 9.8 in [14] there is B ∈ NSh∗κ,λ such that |a ∩ ψ(ρλ, nλ)| < |b ∩ κ| for all a, b ∈ B with a ∩ ψ(ρλ, nλ) ⊂
b ∩ ψ(ρλ, nλ). By Lemma 1.9 there is D ∈ NS∗κ,λ such that |a| ≤ 2|a∩ψ(ρλ,nλ)| for all a ∈ D. Then A = Eκ,λ ∩ B ∩ D is as
desired. 
Definition. We define kκ,λ : Eκ,λ → κ by
kκ,λ(a) = ψ(|a| , cf(λ)) if cf(λ) < κ .
kκ,λ(a) = ψ(|a| , a ∩ κ) if κ ≤ cf(λ) < λ.
kκ,λ(a) = ψ(|a| , |a|) if cf(λ) = λ.
Definition. We let
T 0κ,λ = {a ∈ Eκ,λ : a ∩ κ is not |a|-Shelah}.
Tκ,λ = {a ∈ Eκ,λ : a ∩ κ is not ψ(kκ,λ(a), nλ)-Shelah}.
T 1κ,λ = Tκ,λ \ T 0κ,λ.
Lemma 9.2. (i) If κ is λ-Shelah, then Tκ,λ ∈ NSh+κ,λ.
(ii) If NSBκ,λ (respectively, NBκ,λ) is proper, then Tκ,λ belongs to NSB+κ,λ (respectively, NB
+
κ,λ).
Proof. (i) By Lemma 1.11.
(ii) By Lemma 1.15 Eκ,λ \ Tκ,λ ⊆ {a ∈ Eκ,λ : a ∩ κ is |a|-supercompact}, so the result follows from Proposition 3.1. 
Lemma 9.3 (Abe [2]). Suppose κ is λ-Shelah, and τ > κ is a cardinal such that 2τ<κ ≤ λ. Then {x ∈ Eκ,λ : x ∩ κ is |x ∩ τ |-
supercompact } ∈ NSh∗κ,λ.
Lemma 9.4. Suppose κ is λ-Shelah. Then one can find D ∈ NSh∗κ,λ and fi : κ → κ for i < 2 so that |a ∩ ψ(ρλ, nλ)| = fi(a ∩ κ)
for all a ∈ D ∩ T iκ,λ.
Proof. Let D be the set of all x ∈ Eκ,λ such that
(1) o.t.(x ∩ ρλ) is a strong limit cardinal of cofinality |x ∩ cf(ρλ)|.
(2) |x ∩ ψ(ρλ, q+ 1)| = 2|x∩ψ(ρλ,q)| for every q < nλ.
(3) |x| ≤ 2|x∩ψ(ρλ,nλ)|.
(4) cf(ρλ) < x ∩ κ in case cf(ρλ) < κ .
(5) |α|+ ∈ x for every α ∈ (x ∩ ρλ) \ κ .
(6) κ ∈ x.
(7) x ∩ κ is |x ∩ τ |-supercompact for every cardinal τ ∈ xwith κ < τ < ρλ.
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Then D ∈ NSh∗κ,λ by Lemmas 1.8, 1.9 and 9.3. Note that for any x ∈ D, |x ∩ ψ(ρλ, nλ)| = ψ(|x ∩ ρλ| , nλ) and x ∩ κ
is σ -supercompact for each cardinal σ with κ < σ < |x ∩ ρλ|. Suppose toward a contradiction that there is i < 2
and a, b ∈ T iκ,λ such that a ∩ κ = b ∩ κ and |a ∩ ψ(ρλ, nλ)| < |b ∩ ψ(ρλ, nλ)|. Then |a ∩ ρλ| < |b ∩ ρλ|, and in
fact |a| < |b ∩ ρλ|, so b ∩ κ is |a|-supercompact. It follows that i = 1. Clearly kκ,λ(a) ≤ |b ∩ ρλ|, and consequently,
ψ(kκ,λ(a), nλ) ≤ |b ∩ ψ(ρλ, nλ)| ≤ |b|. Thus b ∩ κ is ψ(kκ,λ(a), nλ)-Shelah. Contradiction. 
The following is proved as Lemma 6.8 in [14].
Lemma 9.5. Suppose A ∈ NSh+κ,λ and f : κ → κ are such that |a ∩ ψ(ρλ, nλ)| = f (a∩κ) for all a ∈ A. Then there is B ∈ NSh∗κ,λ
such that a < b for all a, b ∈ A ∩ B with a ∩ ψ(ρλ, nλ) ⊂ b ∩ ψ(ρλ, nλ).
Lemma 9.6. Suppose κ is λ-Shelah. Then there is C ∈ NSh∗κ,λ such that a < b whenever (a, b) ∈

i<2((C ∩ T iκ,λ)× (C ∩ T iκ,λ))
and a ∩ ψ(ρλ, nλ) ⊂ b ∩ ψ(ρλ, nλ).
Proof. By Lemmas 9.4 and 9.5. 
Lemma 9.7. Suppose ψ(ρλ, nλ) ≤ α < λ and J and K are two ideals on Pκ(λ) such that
(a) NShκ,λ ⊆ J , and
(b) given X ∈ J+ and fx : x ∩ α → x for x ∈ X, there is g : α → λ such that {x ∈ X : fx = g|(x ∩ α)} ∈ K+.
Let X ∈ J+ and fx : x ∩ α → x for x ∈ X. Then there is g : α → λ and Y ∈ K+ such that
(i) Y ⊆ {x ∈ X : fx = g|(x ∩ α)}, and
(ii) x ∩ ψ(ρλ, nλ) ⊂ y ∩ ψ(ρλ, nλ) for all x, y ∈ Y with x ⊂ y.
Proof. Set ν = ψ(ρλ, nλ). Pick a bijection k : ({0} × ν) ∪ ({1} × α) → α, a bijection ie : |e| → e for each e ∈ Pκ(ν),
and a bijection jρ : 2ρ + 1 → P(ρ) for each infinite cardinal ρ < κ . Let A be the set of all x ∈ Eκ,λ such that
k‘‘(({0}× (x∩ ν))∪ ({1}× (x∩α))) = x∩α. By Lemma 1.10, there is B ∈ NSh∗κ,λ such that |a| < |b|whenever (a, b) ∈ [B]2.
Set D = {a ∈ Pκ(λ) : |a| ≤ 2|a∩ν|} and Z = X ∩ A ∩ B ∩ D. Note that Z ∈ J+. For x ∈ Z , define gx : x ∩ α → x as follows:
(1) for any β ∈ x ∩ α, gx(k(1, β)) = fx(β),
(2) for any γ ∈ x ∩ ν, gx(k(0, γ )) equals 1 if γ = ix∩ν(ζ ) for some ζ ∈ j|x∩ν|(|x|), and 0 otherwise.
Theremust beY ∈ K+∩P(Z) andG : α → λ such that gx = G|(x∩α) for all x ∈ Y . Define g : α → λby g(β) = G(k(1, β)),
and putW = {γ ∈ ν : G(k(0, γ )) = 1}. Then clearly for every x ∈ Y , fx = g|(x ∩ α) andW ∩ x = {ix∩ν(ζ ) : ζ ∈ j|x∩ν|(|x|)}.
Now fix x, y ∈ Y with x ⊂ y. Suppose x ∩ ν = y ∩ ν. ThenW ∩ x = W ∩ y, and therefore |x| = |y|. Contradiction. 
Definition. We let Hκ,λ = Pκ(λ) if there is no Mahlo cardinal σ with κ < σ ≤ λ, and Hκ,λ = Tκ,λ otherwise.
Proposition 9.8. (i) Suppose cf(λ) ≥ κ . Then
(NSBκ,λ|Hκ,λ)+ −→ ((ζ<λ NSζκ,λ)+, I+κ,λ)2 and (NBκ,λ|Hκ,λ)+ −→ (NS+κ,λ, I+κ,λ)2.
(ii) Suppose cf(λ) < κ . Then (p(NSBκ,λ<κ |Hκ,λ<κ ))+ −→ (NS+κ,λ, I+κ,λ)2 and (p(NBκ,λ<κ |Hκ,λ<κ ))+ −→ ((NS[λ]
<κ
κ,λ )
+, I+κ,λ)2,
where p : Pκ(λ<κ)→ Pκ(λ) is defined by p(x) = x ∩ λ.
(iii) Suppose λ<λ = λ and J is a normal ideal on Pκ(λ) such that NShκ,λ ⊆ J and Hκ,λ ∈ J∗. Then J+ −→ (J+,NSS+κ,λ)2.
(iv) Suppose cf(λ) < κ , 2λ = λ+ and J is a normal ideal on Pκ(λ<κ) such that NShκ,λ<κ ⊆ J and Hκ,λ<κ ∈ J∗. Then
(p(J))+ −→ ((p(J))+, (NS[λ]<cf(λ)κ,λ )+)2, where p is as in (ii).
Proof. (i) We prove that (NBκ,λ|Hκ,λ)+ −→ (NS+κ,λ, I+κ,λ)2 and leave the proof of the other partition relation to the reader.
Put A = {Pκ(λ)} if there is no Mahlo cardinal σ with κ < σ ≤ λ, and A = {T 0κ,λ, T 1κ,λ} otherwise. Clearly, it suffices
to prove that (NBκ,λ|B)+ −→ (NS+κ,λ, I+κ,λ)2 for every B ∈ A. Thus fix B ∈ A. By Lemmas 9.1 and 9.6, there is C ∈ NSh∗κ,λ
such that a < b for all a, b ∈ B ∩ C with a ∩ ψ(ρλ, nλ) ⊂ b ∩ ψ(ρλ, nλ). By Proposition 3.4, NB+κ,λ ⊂−→
<
(NS+κ,λ, I
+
κ,λ)
2.
If ψ(ρλ, nλ) = λ, we are done, since (NBκ,λ|(B ∩ C))+ −→ (NS+κ,λ, I+κ,λ)2 and NBκ,λ|(B ∩ C) = NBκ,λ|B. Otherwise we
apply Lemma 9.7. It tells us that given ψ(ρλ, nλ) ≤ α < λ, T ∈ NB+κ,λ ∩ P(B ∩ C) and fx : x ∩ α → x for x ∈ T , there is
g : α → λ and Z ∈ NS+κ,λ such that Z ⊆ {x ∈ T : fx = g|(x ∩ α} and [Z]2< = [Z]2. Hence by the proof of Proposition 3.4,
(NBκ,λ|(B ∩ C))+ −→ (NS+κ,λ, I+κ,λ)2.
(ii) As for (i) we only prove the second assertion. We proceed as in the proof of Proposition 7.6. Let Y and t be as in this
proof. Fix Pκ(λ) × Pκ(λ) → 2 and B ∈ (p(NBκ,λ<κ |Hκ,λ<κ ))+. Define G : [Pκ(λ<κ)]2 → 2 by G(x1, x2) = F(x1 ∩ λ, x2 ∩ λ).
By (i) there is X ⊆ Y ∩ p−1(B) and j < 2 such that
(a) G takes the constant value j on [X]2, and
(b) X ∈ NS+κ,λ<κ if j = 0, and X ∈ I+κ,λ<κ otherwise.
If x1, x2 ∈ X are such that x1 ∩ λ ⊂ x2 ∩ λ, then x1 = t(x1 ∩ λ) ⊂ t(x2 ∩ λ) = x2. Hence F is identically j on [p‘‘X]2. It is
readily checked that p‘‘X /∈ NS[λ]<κκ,λ if j = 0, and p‘‘X /∈ Iκ,λ otherwise.
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(iii) Note that ψ(ρλ, nλ) = λ. To establish the result, use Proposition 8.7. Details are left to the reader.
(iv) The proof is left to the reader. 
Corollary 9.9. Suppose cf(λ) < κ and 2λ = λ+. Let A = Pκ(λ) if there is no Mahlo cardinal σ with κ < σ < λ, and
A = {a ∈ Eκ,λ : a ∩ κ is not ψ(ψ(|a|+ , |a|+), nλ + 1)-Shelah} otherwise. Then
(NSh[λ]
<κ
κ,λ |A)+ −→ ((NSh[λ]
<κ
κ,λ )
+, (NS[λ]
<cf(λ)
κ,λ )
+)2.
Proof. Let p : Pκ(λ<κ) → Pκ(λ) be defined by p(x) = x ∩ λ. Then by Lemma 1.17 NSh[λ]<κκ,λ = p(NShκ,λ<κ ). Clearly,
λ+ = ψ(ρλ, nλ + 1) and therefore (p(NShκ,λ<κ |A))+ ⊆ (p(NShκ,λ<κ |Hκ,λ<κ ))+. The desired conclusion now follows from
Proposition 9.8(iv). 
10. Under GCH
Throughout this section the GCH is assumed. We give a summary of our results under this hypothesis.
Proposition 10.1. Suppose λ is regular. Then the following hold:
(i) NSBκ,λ = NBκ,λ = NShκ,λ.
(ii) If λ is not weakly compact, then NJκ,λ = NShκ,λ.
(iii) If λ is weakly compact and κ is λ-Shelah, then there is no A ∈ NSh+κ,λ such that NJκ,λ|A = NShκ,λ|A.
(iv) If λ is not weakly compact, and κ is λ-Shelah, then there is C ∈ NS∗κ,λ ∩ NSJ+κ,λ such that NSJκ,λ|C = NShκ,λ.
(v) Suppose that NSJκ,λ is proper, and λ is not the successor of a singular cardinal of cofinality greater than or equal to κ . Then
κ is λ-Shelah.
(vi) Given X ⊆ Pκ(λ), X /∈ NSJκ,λ iff X −→
<
(NSS+κ,λ)2 iff X −→ (NSS+κ,λ)2.
(vii) Given X ⊆ Pκ(λ), X /∈ NShκ,λ iff X −→
<
(NS+κ,λ,NSS
+
κ,λ)
2 iff X
⊂−→
<
(NSh+κ,λ,NSS
+
κ,λ)
2.
(viii) If κ is λ-Shelah, then (NShκ,λ|A)+ −→ (NSh+κ,λ,NSS+κ,λ)2 for some A ∈ NSh+κ,λ.
(ix) Suppose λ is weakly compact and κ is λ-Shelah. Then
(a) NSJκ,λ is nowhere normal,
(b) for any X ∈ NSJ+κ,λ, there is Y ∈ NSJ+κ,λ ∩ P(X) such that NSJκ,λ|Y = NSSκ,λ|Y and,
(c) there is A ∈ NJ+κ,λ such that NJκ,λ|A = NSκ,λ|A and NJκ,λ|(Pκ(λ) \ A) is nowhere normal.
Proof. (i) By Proposition 5.5.
(ii) By Proposition 5.7.
(iii) By Corollary 5.13.
(iv) By Propositions 3.3 and 5.1
(v) By Propositions 3.3, 5.1 and 5.11.
(vi) By Proposition 5.3.
(vii) By Propositions 5.9 and 8.7.
(viii) By Proposition 9.8.
(ix) By Propositions 5.12 and 5.14 and Corollary 5.16. 
Question 2. Suppose NSJκ,λ is proper, and λ is the successor of a singular cardinal of cofinality at least κ . Does it follow that κ is
λ-Shelah?
Question 3. Suppose λ is weakly compact and κ is λ-Shelah. Does it follow that NJκ,λ|A = NSJκ,λ|A for some A ∈ NJ+κ,λ?
Proposition 10.2. Suppose cf(λ) < κ . Then the following hold:
(i) NSJκ,λ = NJκ,λ and NSBκ,λ = NBκ,λ = NCIκ,λ.
(ii) NSJκ,λ is normal.
(iii) Assume that cf(λ) = ω and NSJκ,λ is proper. Then for some A ∈ NS+κ,λ, NSκ,λ|A = NSJκ,λ. Moreover, NSJκ,λ is nowhere
strongly normal.
(iv) Given A ⊆ Pκ(λ), A /∈ p(NShκ,λ+) iff A −→
<
(NS+κ,λ)2 iff A −→ ((NS[λ]
<cf(λ)
κ,λ )
+)2 iff A ⊂−→
<
((p(NShκ,λ+))+, (NS
[λ]<cf(λ)
κ,λ )
+)2,
where p : Pκ(λ+)→ Pκ(λ) is defined by p(x) = x ∩ λ.
(v) Assume κ is λ+-Shelah. Then (p(NShκ,λ+ |X))+ −→ ((p(NShκ,λ+ |X))+, (NS[λ]<cf(λ)κ,λ )+)2 for some X ∈ NSh+κ,λ+ , where
p : Pκ(λ+)→ Pκ(λ) is defined by p(x) = x ∩ λ.
Proof. (i) By Corollary 7.2 and Proposition 7.5.
(ii) By Proposition 7.1. (iii) By Proposition 7.3 and Corollary 7.4.
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(iv) If A /∈ p(NShκ,λ+), then A −→ ((NS[λ]<cf(λ)κ,λ )+)2 by Propositions 5.5 and 7.13, and moreover A ⊂−→
<
((p(NShκ,λ+))+, (NS
[λ]<cf(λ)
κ,λ )
+)2 by Corollary 8.9. Trivially, A −→
<
(NS+κ,λ)2 follows from both A −→
<
((NS[λ]
<cf(λ)
κ,λ )
+)2 and
A
⊂−→
<
((p(NShκ,λ+))+, (NS
[λ]<cf(λ)
κ,λ )
+)2. Finally A −→
<
(NS+κ,λ)2 implies that A /∈ p(NShκ,λ+) by Propositions 5.5, 7.8 and 7.9.
(v) By Proposition 9.8. 
Proposition 10.3. Suppose κ ≤ cf(λ) < λ. Then the following hold:
(i) NSBκ,λ = NBκ,λ = NIκ,λ.
(ii) NJκ,λ is strongly normal.
(iii) If NSJκ,λ is proper, then NJκ,λ = NSJκ,λ|A for some A ∈ NSJ+κ,λ.
(iv) NSh+κ,λ −̸→
<
(NSS+κ,λ)2.
Proof. (i) By Propositions 6.4 and 6.5.
(ii) By Proposition 6.2.
(iii) By Proposition 6.4.
(iv) See the remark after Proposition 6.1. 
Question 4. Suppose κ ≤ cf(λ) < λ and NSJκ,λ is proper. Does it follow that κ is λ-Shelah?
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